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1. A New Set of Points in the Frame Set of the 3-Spline

The Gabor frame generated by g e L’(R) and a,b>0 is the set of functions
G(g.a.b)={M,T,g=e""g(-—ka):(t.k) e 2’}

for which there exist 4,B >0 such that

A= 3 Mg <1

for all fel’ (R) , see, [1] [2] for details. The mystery of the fine structure of
Gabor frames [3] and application requirements have obliged many researchers
to investigate the characterization of Gabor frame set for some functions having
good time-frequency concentration. For example, in the hyperbolic secant func-
tions or different splines windows [4] [5] [6], the functions satisfy the partitions
of unity [7] [8] and the sign-changing functions with compact support [9] [10]
[11] are already been studied. More generally, the frame set F ( g) of

gel’ (R) is known only for a few classes of functions, see [3] [12]-[22]. For in-
stance, the determination of the frame set of B-splines for N >2 is listed as one

of the six problems in frame theory [12]. Recently, we have investigated the
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frame set of a class of compactly supported functions that include the B-splines.
In particular, we have extended and put in a more general framework some of
the known results on the frame set for this class of functions [23].

In this paper, we investigate the set of parameters (a,b)e R such that
Q(B3,a,b) is a Gabor frame where

> 3 9 3 1
— X +—x+— x€|—,——
2 22
3 11
B3 (x):;([—l/z,l/z]*7([71/2,1/2]*7([71/2,1/2]()5): _x2+z X e _E’E:|
1, 3 (13
— X —=x+— x€|—,—
2 122

is the 3-spline. This set is called the frame set of B, and is given by
F(By)= {(a,b) eR::G(B,,a,b)isa frame}.

It is not difficult to see that F(B;)#= @ . Indeed, for any a€(0,3) there ex-
ists b, >0 such that for all 0<b<b,, (a,b)e F(B,) [[24], Theorem 4.18].
Furthermore, f(B3) is an open set in ]Ri [25] [26]. This is a consequence of
the fact that B, belongs to the modulation space M'(R) [2]. However, the
complete characterization of F(B,) is still unknown.

To the best of our knowledge [1] [5] [8] [11] [23] [27] [28], the biggest subset
knownin F(B;) isthe connected set

(a,b)e]Ri:ab<1,0<a<3,0<b§max[z, 4 )
a \3'3+3a

In this note, we complete this last subset by showing that ' belongs to

F(B;) where F:Ol"m with for m >4,

m=3
- -1
Fm:={(a,b)eR2+:ae{3(m 3)’3(m )},
2(m—2) 2m—1
2 1 @
be (1) ,min 2m , 4 ,b>£
3+(2m—3)a a 3+(2m—1)a 3+2a 3
and
1"3:={(a,b)eRi:ae{i,é},be[ 4 , 6 },b>z}. (2)
4°5 3+3a 3+5a 3

More specifically, our main result gives the frame propertieson I'.

Theorem 1. For m>3, let (a,b) e[, . Then, the Gabor system Q(B3,a,b)
is a frame for I’ (R), and there is a unique dual window H, e L’(R) such
2m—-1 2m-1

a,
2 2

Gabor system G(B,,a,b) isaframe for L’ (R).

that suppH, g[— a} . Furthermore, for each (a,b)el , the

Theorem 1 is proved by using the following well-known necessary and suffi-

cient condition, which is well developed in [[23], Proposition 2], for two Bessel
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Gabor systems to be dual of each other.

2 (m - 1) 2m
For m>1,let 0<a<3 and <bh< . Assume that
3+(2m—3)a 3+(2m—1)a
-1 2m-1
H, is abounded real-function with support on {— m2 a, m2 a} . Then, the

Gabor systems Q(B3,a,b) and Q(H3,a,b) are dual frames for L*(R) ifand
only if

m—=1
> By(x—t/b+ka)H,(x+ka)=b5,,,|(|<m-1, foraec. xe[—%,%}. (3)
k=1-m

We can rewrite (3) as a matrix-vector equation:

E, (x) E! (x)=B' forae. xe {—%,%}, (4)

where F,(x) and B are the row vectors given respectively by

F,(x)= [H3 (x+ ka)]‘k‘gw1 and B= [bé‘m ]V\ ; E,(x) isthe

b
<m-1

(2m—1)x(2m—1) matrix-valued function defined by

E,(x)= {83 (x Ly kaﬂ . Using the fact that the 3-spline B, is
b 1=-m<0 k<m-1
33 .

supported by 5 and (a,b) eI, ; one observes easily that for all

X€ [—%,0} , not only the all E, (x)’s on-diagonal entries are positive but also

the matrix-valued function E, (x) can be rewritten as the following block ma-

E,(v) =(é”” () I, (x))} )

o jm—l (x

trix:

where O is a (m—2)x(m+1) matrix of 0’s, I, (x) is a (m+1)x(m-2)

matrix, J,_(x) is a (m—2)x(m—2) upper triangular matrix and G, _, (x)
isthe (m+ 1) x (m +1) tridiagonal matrix given by

G, (x)= {33 (x—£+kaﬂ . (6)
b 1-m<,k<I

Figure 1 shows the connected set knownin F(B;).
The rest of the paper is organized as follows. In Section 2 we prove our main
results by studying the invertibility of the matrix G, (x).

2. Invertibility of G,_,(x) for (a,b)eT,,

To prove Theorem 1, we only need to show that (3) has a unique solution

F (x). This is equivalent to proving respectively that the (2m—1)><(2m—1)

m

matrix-valued function E, (x) is invertible for a.e. xe{—%,%} In other
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2 - B 1
%% %+ b=12/3+11a)
% b=10/(3+9a)

43—
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B || )R

NS« ™<s

| - 3/2 3

a

Figure 1. A sketch of F(B,). No frame property in the red region, the green region is from [29] and the yellow re-

gion is the result from [11]. The blue and the magenta regions are respectively from [28] and [27]. The cyan region is
the result from [23] completed by theorem 1.

A

words, from the block form for the matrix E,, (x), we need to prove that the
matrix G, (x) is invertible.

Throughout the paper, we use the fact that

mm( m__ 4 ]z 3+42a 1faeBEZ:23Z((r:1—j))}
a | 3+(2m—1)a’3+2a . )

2) 3(m-1)
(m-1)" 2m-1 }

The following lemma gives the behavior of the entries of G, , (x).

3
[ —
3+(2m—-1)a 1 a{z

3

Lemma 1. For m >3, let (a,b) el’,, xe [—%;0} and consider B, . Then
the following hold:

1) B{x+%—ka}>0,forall ke{l-m,--,m-1}.
2) B3(x+%—(k—l)aj>0 for ke{O;l} and
B3(x+§—(k—l)a]
B3(x+§—(k—l)aj>0 if xe[—ﬁ;é—£+(k—l)a}

0 if xe[§—£+(k—l)a;0}
2 b
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for all ke{2,---,m—l}.
3) B3(x+mT_2—(m—l)aj>0 and

B{x+%—(k+1)aj

0 ifxe{—g;—§—£+(k+l)a}
~ 2" 2 b
- 3k

B, (x+——(k+1)a)>0 if xe[—z—z+(k+l)a;0]

for all {k=—l,---,m—3}.
Proof. 1) Firstly, let ke {1 —m,---,—l} . We have

x+£—ka SE—ka
b b

3+2a 3-2a . 3(m=3) 3(m-2)
. k[ 2 J—ka:k( 2 j 1fae|:2(m_2),2(m_l)}
| (3+(em-1)a) | 3k &k 3(m-2) 3(m-1)
"[Tjkﬁ—m ‘f"{z(m_l)’ 2= }
3k k 3(m-2) 3k " [3(m—3) 3(m—2):|
< 42 2(m-1) am-1) S| 2(m-2) 2(mm0)
3k _k 3(men) ok [3(;"—2) 3(m—1)}
om 2m 2m-1 202m-1) = S| 2(m-1) 2m-1
<0
and
x+£—ka>£—2k+la
- 2
]{3+(2m—3)aJ 2%+l 3k m-l+k
2m-1) | 2 T 2(m-1) 2(m-1)"

o3k m-l+k 3(m—1):§( k _m—1+kj
_Z(m—l) 2(m—1) 2m-1  2\m-1 2m-1

3 k m—-1+k
> —— | because - >—11.
2 m—-1 2m-1

Therefore for all k€ {l—m,---,—l} , —%<x+§—ka < 0. Thus

B3(x+§—kaj > 0. Secondly, let ke{O,--~,m—1} . We have

ko, _k 3+(2m-3)a 3k ka

X+Z_ka‘3_ka<k( 2(m-1) J_ka_z(m—l)_z(m—l)
_ 3k k 3(m=3) k3
“2(m-1) 2(m-1) 2(m-2) 4(m-2) 2

and
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x+£—ka2—£+£—ka=£—2k+la
b 2 b b 2
k(3+2aj_2k+1a=%_k+la i ae 3(m—3)’3(m—2)
4 2 4 2 2(m—2) 2(m—1)
>
. 3+(2m-1)a 2kl 3k m+k oo 3(m—2)’3(m—1)
2m 2 2m  2m 2(m—1) 2m—1

ﬁuwz(w]

4 2 "2(m-1) 2 2(m-1)

3k _m+k 3(m-1) _E[(m—l)—k]

om 2m . 2m—1 2| 2m-1

\

3
> ——

Then forall ke{0,---,m—1}, —%<x+%—ka <%. Thus

B{x+§—kaj>0.

2) Let k€{0,---,m—1}. We have
x+%—(k—l)a s%—(k—l)a <1{%J-(H)a
% 2m-1)-k
2(m—1) 2(m—1)
3k +2(m—1)—k><3(m—1)
2(m—l) Z(m—l) 2m—1

3 k +2(m—1)—k
2 lm-1 2m—1

x+£—(k—l)a > —£+E—(k—l)a _k_ 2kl
b 2 b b 2

and

N

k(3+2a]_2k—la:%_ﬂa Fae 3(m—3)’3(m—2)
4 2 4 2 2(m-2)"2(m-1)

>
i 3+(2m—1)a —2k_1a:i+m_ka i ae 3(m—2)’3(m—1)
2m 2 2m  2m 2(m—1) 2m—1

\%

Then forall ke{l,---,m—1};

— 2(m-1)-k
<E Lkz <x ﬁ—(k—l)a<E k + (m ) .
2 Z(m—l) b 2{m-1 2m—1

Therefore for all ke {2,- -, m —1} R

DOI: 10.4236/am.2022.135026 382 Applied Mathematics


https://doi.org/10.4236/am.2022.135026

A. G. D. Atindehou

0 if xe[§—£+(k—1)a;0}
2 b

and using the fact that 5> % , we have easily B, (x+§—(k —l)aj >0 for

ke{0;1}.
3)Let ke {O,---,m—Z} . We have
3+(2m—3)a

2(m-1)

3k 2(m-1)+k

“2(m-1) 2(m-1) °
3k _2(m—1)+kx3(m—3)

_Z(m—l) 2(m—1) 2(m—2)

=§(k—2m+6)23((k—m+2)+(4—m)]S0

2\ 2(m-2) ) 2 2(m-2)

x+§—(k+l)a S%—(k+1)a <k(

]_<k+1>a

asfaras m>4 and

cr b kanyaz -2 K (kr1)a=E 213,
b 2 b b2
3+2a) 2k+3 3k k+3 : 3(m=3) 3(m-2)
. k[ 2 J— 5 a—T—Ta lfae{Z(m—Z)’Z(m—l)}
- J[3+(@m-Na) 2k+3 3k 3(m-D+k+3 o [3(m=2) 3(m-1)
[ 2m j_ 2 T 2 NS 2 (mo) Tam
3k_k+3X3(m—2)_3£k—3(m—2)J ,f |:3(m—3) 3(m—2)}
a2 ey 2 2 U 2 (m-2) 2(m1)
T3k 3(m-1)+k+3 3(m—1)_3[k—3(m—1)] " [3(m—2) 3(m—1)}
o 2m 2m-1 2 2m-1 ) S| 2(m=1) 2mo

Then forall ke{0,--,m—2};

%{%] k 3 (k_m+2)+(4—m)
E(MJ Sx+z—(k+l)a<5[ 2 2) JSO
2 2m—1

asfaras m>4 and

2 3(2m-5) ifaer(m—s) 3(m-2)
3 3((m—1) +1) 1] 4(m-2) 2(m-2)"2(m-1) 0
2 2(m-1)(2m=1) " b7 3(2m-3) a{z(m—z) 3(m—1)} '
4(m-1) 2(m-1)" 2m-1
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Thus B, [x+ —(m—l)aj>0 and

B, (x+§—(k+l)a)

0 if xe{—%;—%—%Jr(kJrl)a}
B (x+— (k+1)a]>0 if xe[—%—%Jr(kJrl)a;O}

for k=-1,---,m-3.

The following remark gives the trivial two different partitions of [—%;0}

which can be derived from the definition of I, (m >3) and will be used to

compute the determinant of the matrix G, (x).

Remark 1. a) If 3—%+a <0 and

3(m-3) 6m-— -
o 4c (m )’6’” 9 . then 3.m 3+(m—2)a§—g.Hence
2(m—2) 4m -3 2 b 2

- 31
Tm1:|:_£ni_m_l+(m_2)aj and E:(—E+Z,0i|

3(m-2) 3(m-1 -

3 k+1 3 k-2
h =|———+ka,————+(k—-1)a
where O, > 5 ( ) }
3 2 3 k
and 7, =| ————— (k—l)a, — with the convention that
2 2 b
a 3 m-3 3 1
=|-—=,—=———+ m—2 a d I,=| —+—,
Q”"l{zz 5t }an [21)}
-9 3(m-2
e[ om 9; (m-2) for m#3, then 3_m= 3+(m 2)a+g is sign-
4dm—-3 2m-3 2 b 2
changing. So, we use both different previous partitions.
3 3(m-3) 6m-9
b) If 3——+a >0, then ais only in (—), m . Hence
b 2(m—2) 4m-3
DOI: 10.4236/am.2022.135026 384 Applied Mathematics
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o
2 K2
where Qk = i—ﬂ+ka,_é_u+

2 b 2 b
T, = —E—E+(k—2)a,g—£+

2 b 2 b

~ | _a 3 m-4
m—1 25 2 b

NB: Specially for m=3,

one substitutes

_3)

3
b —
Yy

(k-1) a] with the convention that

+(m—3)a} and le[%—%+a,0]
3(m

—_ . The different cas-
2 (m - 2)

es considered in proving this result are illustrated for the cases m =3 and

m =4 in Figure 2.

Let ke{l,--,m—1}, (=234 and denote Aj,(x) the (x{ sub-matrix
of G, (x), defined respectively by

B3(x+§—kaj B3(x+%—(k—l)aj

A=) [

X+———ka
b

k-1

) &

k-1
x+——-
b

(

(k-

l)aj ’

k k
Bi| x+——ka By| x+——(k—1)a 0
b b
k-1 k-1 k-1
A (x)= BS(x+——ka B,| x+———(k-1)a| By|x+———(k—-2)a
b b b
k-2 k-2
0 By x+ —(k-1)a | B[ x+ —(k-2)a
b
m=3
B, (x-1/b)=0 B,(x-1/b)>0 Case:
R ol 3/2-2/b+a | '03-3g::(1a<=o
: B,(x+2/ba)>0 B,(x+2/b-a}=0 24U 3a<=a<=1
B,(x-1/b)=0 B, (x-1/b)>0  Gase:
B,(x-a)=0 B,(x-2)>0 | 3-3/!;:g<=0
_a [ 3/2-2/b+a 1<a<=6/5
T -32+a o [ 372+1/b |°
B, (x+2/b-a)>0 B, (x+2/b-a)=0
B,(x-1/b)=0 B,(x-1/b)>0 Case:
-a ,-J cating 3 3/2-2fb+a 0 3-3/b+a>0
1 -3/2+1/b I';J
B,(x+2/b-a)>0 B,(x+2/b-a)=0

B, (x-1/b)=0

I B,(x-1/b)>0

| Case:
| 3-3/b+a<=0

[ B;(x-a)=0 B,(x-a)>0

and 3/4<=

a<=15/13

Case:
| 3357b+a<=0

] Case:
3-3/b+a>0

a2 3/2-3/b+2a 3/2-2/b+a [
; (B3 (x+2/b2)>0 31243 I :3/2:+1/b 53(x+2/ba)=o—qa
B, (x+3/b-2a)>0 B, (x+3/b-22)=0
B, (x-1/b)=0 B,(x-1/b)>0
B;(x-a)=0 B;(x-a)>0 ‘ and
—B3(x+1/b-23)=0 B,(x+1/b-23)>0— ] 6/7<a<=9/7
a2 3/2-3/b+2a 3/2-2b+a ‘
-3/2-1/b+2a %Bz(x +2/ba)s0 3272 [ 3/2+1/b B, (ck2Ibal=0 I‘]
L B,(x+3/b2a)>0 B, (x+3/b-22)=0
B, (x-1/0)=0 B,(x-1/)>0
[ B.(x-a)=0 | B (x-a)>0
a2 3 3/2-3/b+2a | 3 3/2-2/b+a
| 3/2+a B, (x+2/ba)>0 32 1B I B,(x+2/ba)=0 l"
L B,(x+3/b-22)>0 B, (x+3/b-22)=0

Figure 2. The off-diagonal of émfl (x) for m=3 and m=4 when xe [—%,O} .
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0

and

B{x+%—ka} B3(x+%—(k—1)aj

k-1

B{x+%—kaj B3(x+7—(k—l)aj 33(

k-2

—(k—l)aj B{
0 B{

B3(x+

0

k-1

x+——(k—2)aj

k=2
b

x+%—(k—2)a

X+

—(k-2)a

) & x
S

b

k

b

b

(=)

0

2

—(k—3)a] |
—(k—3)aj

3

The following Lemma indicates that the matrices A, (x) are invertible.

Lemma 2. Given m=>3, let (a,b)eFm and xe[—%;O] The following

hold:
a)if ke{l,-,m=1}, then | (x)>0 forall £=23.
b) [, (x)]>0, forall kef{2,,m-1}.
This result is proved in Appendix 4.
The following Proposition gives an explicit expression for the determinant of

the sub-matrix G, (x) when m>3, xe [—%;O} and under the hypotheses

of Theorem 1.

Proposition 1. For m=>3, et (a,b) el', and xe [—%,O}. The following

statements hold:
l i
(x + Z — Zaj . |Ajj (x)|

where D,I,i andj are given in the following cases:

Vxe D,‘GAW1 (x)‘ = l_IB3

lel

1) If 3—%+a£0 and

a) 3(m_3)SaS6m_9,then
2(m—2) 4m-3
i) for all ke{l,.--,m-2}, D=Q,, I={-1--,m=1}\{k,k-1}, i=k, and
j=2.
ii) for all ke{l,‘--,m—l}, D=T, I={—1,---,m—1}\{k,k—1,k—2}, i=k
and j=3.
b) 3(m_z)£61S3(m_1),thenforall ke{l,--',m—l},onehas:
2m-3 2m—

i)yfor D=Q,, 1={—1,"',
ii)for D=T_, 1:{—1,---,

m—l}\{k,k—l}, i=k,and j=2.
m—-11\{k,k—=1,k-2}, i=k and j=3.

6m—"9 3(m-2) . N o
) <a< when m # 3, then one uses i) and ii) obtained in
4m-3 2m-73
a) or b).

) 1f 3—%+a>0,then

DOI: 10.4236/am.2022.135026
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a) For all ke{l,-,m-1}, D=0, , I={-1,m-J\{kk-1k-2},
i=k and j=3.

b) For all ke {2, m-1}, D=T,, I={-1,m=1}\{k,k-1Lk—-2,k-3},
i=k and j=4.

Moreover the matrix E,, (x) is invertible.

Proof. We prove the result by induction on m by using the different partitions

of [—%;0} obtained in Remark 1. For m =3, the matrix G, (x) given by

B3(x+g—2aj B3[x+z—aj 0 0

b b

N B (x+ ! —Za] B (x+l—aj B [x+l) 0

G, (x)=] " ) b
0 BS(x—a) BS(x) BS(x+a)
0 0 B{x—%) B, [x—l+aj

Suppose that 3—%+a$0 and %Saﬁl,then {—%;0}=Q,U7} U7, with

T, = _ﬂ;§_£+a , O = i—g-i-a;—§+l and T = —3+l;0 .
2 b 2 b 2 b

So, it is easy to see that forall xeQ,,
‘éz (x)‘ =B, (x+%—2aj33 (x—%+ aj-|A;2 (x)| ; xeT,
‘éz (x)‘ =B, [x+%—2a]-|A3'3 (x)| and xeT,,

G, (x)‘ =B, (x—%+aj-|A323 (x)| This establishes the part (a) for the base case

m=3.
3 6 a
Suppose that 3—Z+aSO and 1<a£§, then —E;O =0, UT,uQ Ul

a 3 3 3 2 3 2 3.1
ith =|-——;——=+a|, T,=|-—+a;=—=+a|, =|=—=4a——+—
WQZ{zz}Z(z ZbJQI[Zb Zb}
and T, = (—%+%;0} . So, it is easy to see that

VxeD:Qk(k:1,2),

G.(x)-TT5 (Hf_zaj.p;j ()

lel

where I={—l,0,l,2}\{k,k—l}, i=k,and j=2;and

vxeD=T, (k=12),|G, (x)|=]] 5 (x+§—£aj-|A;j(x)|
lel
where I={—1,0,1,2}\{k,k—l,k—2}, i=k and j=3. Hence (b) holds. Si-
milarly, (2) holds.
Suppose that (1) and (2) hold for m—1>3 and let us prove that they hold

for m. So, one compute the determinant of the matrix G, (x) given by
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6, (x){B{x—f*k"ﬂ_Mm'

Suppose 3 —%+ a >0.From Remark 1, we have

4o 03] o 05222

0, = F—% +ka —%—%Mk 2)a},foral] ke{2,,m-1};

~ 2 ~ 3 k-3 3 k
QI={E—Z+a;O} and 7}{=(—5—T (k 2)a E—Z+(k 1)aj,f0rall
ke{2,-,m}.
~ k
Let xeD=0Q, . Thus B3[x+z—(k+l)a]=0 for all ke{—l,---,m—3}.

Hence,

G, (x)= [l_fB3(x+——/an |43, ()| =TT 3, [x+ fa) |4 ()

l==1 lel
where /={-1,-,m-3}, i=m and j=3.
Let xeD:Qﬂmfl.Therefore B3(x+%—(m—1)aj20 and

B, (x+%—(k+1)aj =0 forall ke {—1,-~,m—4} . Consequently,

m

6.0 T B3[x+§—£aj -|A3’”31(x)|:HB3[x+£—faj~|Ajj(x)|
{#m=3,m-2,m-1

where [ = {1, }{m 3,m-2,m- l},z—mland] 3.

Let ke{l,~,m-2} and xeD=Q, . Thus Bz(x+z—(m—l)aj=0 .
Hence, |G, (x)‘ = B, (x+%—maj-‘éml (x)‘ and by the induction assumption,
we have

GAm(x)‘: H B(x-i—ﬁ—faj |A3k3 | HB3(x+£—faj-|Ai..(x)|
ek 2 b <! b '

where I={—1,---,m}\{k,k—1,k—2}, i=k and j=3.
Let xeD=T,. Thus B3(x+%—(k+l)a]20 for all ke{-1,--,m—4}.

Hence,

G- 11 & (Hf_m] s () =TT 2 (Hf_zaj.p;j (x)
=11 b lel b
(#m-3,m-2,m-1,m

where I={—1,---,m}\{m—3;m—2,m—l,m}, i=m and j=4.
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Let ke{2,---,m-1} and xeD=T,. Then B3[x+%—(m—1)aj=O.Thus

GAm_, (x)‘ and by the induction assumption, we have

GAm (x)‘ =B, (x+%—ma)

m

N ! ! i
G, (x)‘: [1 B, (x+z—€a] ~|Aff4 (x)|:| [ B, (x+z—€a]-|Ajj (x)|
(=1 lel
(#k h-1k=2,k3

where [ = {—1,---,m}\{k,k—l,k—Z,k—3} , i=k and j=4.
Together, (2) holds for the case m. Similarly, one proves that (1) holds for the

case m.
To end the proof, we observe that by using the block decomposition of

E, (x),wehaveforall xe {—%;0} ,

E,(v)| =(1_‘2[133 (x+§—kaj]-

1-m

A

et (3)]

We know that B3(x+%—kaj>0, ‘v’ke{l—m,---,m—l} and

G, (x)‘>0 because |AZ (x)|>0 from Lemma 2. Thus we conclude that

E, (—x)‘ -

‘Em (x)‘ >0 for all xe [—%;0}, and by symmetry ( Em (x)‘) this

holds for all x e {_ﬁ;ﬂ} .
22

We are now ready to prove Theorem 1.
Proof of Theorem 1. By Proposition 1 we know that E, (x) isinvertible. Let

2m—-1 2m-1 }
al, let

a,

F (x) be defined on R as follows. For xeR\[— 5 5

m

= F,(x) be defined by

J (x):b(}:",;l(x))m , where F, (x)=[H3(x+kav)]‘k‘wl and (E;l (x))m is

m

ﬁ'(x):O and for xe[—zm_l Zm_la} let F

the m™ column vector of the matrix E' (x). Consequently, H; isa compactly
supported and bounded function for which G (H3,a,b) is a Bessel sequence.

By construction, it also follows that B, and H, are dual windows.

3. Conclusion

We studied the fine structure of the Gabor frame generated by the B-spline B, .
It should be remembered that this structure determines all pairs (a,b)eR> for
which the Gabor system G (B3,a,b) forms a frame. We presented the known
results of the Gabor frame set F(B;) and we added a new set of points in the
frame set of the 3-spline while building the compactly supported dual windows
of B, . All our results are obtained thanks to the partitioning of the domain in

which the frame set is sought. This partitioning allowed us to establish a global
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approach, based on the study of the invertibility of a square matrix specific to

each sub-domain, and which will be used to find other points belonging to the

frame set of the B-spline B, .
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Appendix

Consider the first-order difference A B, and the second-order difference

AZB, given respectively by
A,B,(x)=B,(x)-B,(x—a) and A}B;(x)=B;(x)—-2B,(x—a)+B,(x—2a)
The following Lemma completes the Lemma 2.2 of [27] in the case of B, .

Lemma 3. Let 0<a<3. Then A}B,(x)>0, forall xe(—%+a,%—%+aj,

Proof. By definition of the functional space V,g and the Lemma 2.2 in [27],

it is known that A}B,(x)>0 forall xe [—%,—%+3_a} .

4

8 3 3 2 3 3 3¢
, | ——+a,———+a|c|——,——+—

9+a 2 2 b 24 4

while for a<1 and b > 8 s 3+3—a<§—%+a.1n other words, to have

9+a’ 4 4 2

In particular, for a>1 or b<

2
that A2B;(x)>0 on (—%+%,%—Z+a], it suffices to show that, for a<1

and b> 8 s
9+a

A%By(x)>0,Vxe (—§+3—a,§—z+a]_

<b<
9+a 3+2a

A5B3(x)>O,Vxe —§+3—a,§—z+a c —i,O.
4 42 b 16

>

Otherwise, we only show that for % <a<l and

2
Let f(x):=A}B;(x).Itis easy to see that forall xe (_%+%’%_E+ a] ,

f(x)=B;(x)-2B,(x—a)

=—x2+%—(x—a)2—3(x—a)—%
:—2x2+(2a—3)x—a2+3a—%.
One has f'(—ij:2a—2<0 et f(O):—a2+3a—E>0 Thus
16 4 27

f(x) >0, Vxe (—%,O} . Consequently,
Vx e —§+3—a,§—%+a ,A§B3(x)>0
4 42

as wanted.

The following Lemma shows the invertibility of the matrix A}, (x).
Lemma 4. Let ae[%,%}, be{ 3 4 } and xe(—é 13 2+aj.

_— J’__’___
3+a 3+2a 2 b2 b
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Then |, (x)[>0.
Proof. Let L,(x) ::|Aj4 (x)| and L;(x) denote the ;/" minor of L,(x),
the determinant of the matrix obtained by removing the /* row and the /" col-

umn from L, (x). We have respectively
(1) By(x)>B;(x—a) and B;(x)>B,(x+a);
2) L?(x)>0 and L*(x)>0;
3) LY (x)> L7 (x)+ L (x).

Combining (1), (2) and (3), we have forall xe (—§+ ! 3 2 —+ a} ,

2 62 b
L,(x)=-B,(x—a) L (x)+B,(x)- LY (x)- B, (x +a)- L}* (x)
>[B3 (x)—B3(x—a)} L;z(x)+[B3( )— B, (x+0t)]~L32’4 (x)>o0.

This implies that for all x e —§+l,§—% al, |Aj4 | 0
2 b2 b
31 3 2
We have forall xe| ——+— —+a|, x—a<x<0<x+a and
2 b 2 b

—x—a<x. Thus Bj(x—a)<B,(x) and B,(x)>B;(x+a). On the other

hand,
L3’2(x):B x+z—2a B )c+l B x—l+a >0
2 3 b 3 b 3 b
and L (x) = B, (x—%)|A222 (x)| > 0.

Then (1) and (2) hold.
One has

b
1) 1 1Y 3( 1) 9 1) 1 1y 3 1) 9
Bilx——|==|x——| +=|x——=|+=, By x+—|=—=|x——| ——| x+— |+=
b 2 b 2 b) 8 b 2 b 2 b) 8
and
1( 1 jz 3( 1 j 9 . [3 }
—|x——+a| +=|x——+a|+= ifae|-,1
1 2 b 2 b 8 4
Bl x——+a|=
( b ) 1 Y 3 3
—(x——+aj += if ae[l;—}.
b 4 2

1 1 1
Let g(x)= |:B3 (x 3 + aj - B, (x - Zﬂ - B, (x + ZJ . It is easy to remark that
. c il . 313 2
the function gis strictly increasing on (_E + Z,E r + aj and

g[—§+lj >0 where
2 b
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l[—3+a+gj 3+a—gj if ae 3,1
31 2 b b 4
72787 2 6 3
—a*+3a-=+-—-6 if ae{l;—}.
b 2

bZ

1 1 1
Consequently B, (x _Z+ aj - B, (x —Z) > B, (x +ZJ .

Let h()c)::|A222 (x)|—B3 (x+%—2aj33 (x—%+a) where
B3(x+%—2aj B3(x+%—aj
Ay (x)= j .

B, (x+l—2a
b

We obtain

B IIER NI PYERARAERION)

because E—§+20t<—i+l:>B3 (§—§+2aj<B3 (3—1J Consequently (3)
2 b 2 b 2 b 2 b

holds.
2 1
Therefore |A222 (x)| > B, (x +=— 2a)B3 (x -7t aj . Hence
L’? (x) > L32’2 (x) + L:;A (x) .
Proof of Lemma 2. Throughout this proof, we use the Lemma 1 and Remark

1 without notify it.
(a) Let ke{l,---,m—1}. In the first time, we consider the matrix A;, (x)

B3(x+%—kaj B3(x+%—(k—l)aj
k-1 k-1 '
B3(x+7—kaj B3(x+7—(k—l)aj

We prove that for all k e{l,---,m—1},

given by

A§2 (x) =

B, (x+%—ka} > B, (x+%—(k —l)aJ. For this, we know that

—§<x+%—ka <é and x+§—(k—l)a >0, therefore we have two different

cases.

*If x+%—ka>0,we have x+§—ka<x+%—(k—l)a and using the strict
. 3 k k
decreasing of B, on 0,5 ,one has B, x+z—ka > B, x+;—(k—1)a .

*If x+%—ka£0,then —x—§+ka20 and

—x—£+ka—(x+£—(k—l)a) =—2x—%+(2k—1)a < Zk(a—lJ< 0.
b b b b
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Thus —x— % +ka<x+ % —(k—1)a and using the fact that B; is symmetric

3
around the origin and strict decreasing on [O,E} , one has

k k
B, (x+;—kaJ>B3 (x+;—(k—l)a}.

Next, we prove that for all k e {1,---,m —2} ,
k-1 k-1
B, x+T—ka <B, x+T—(k—1)a . We also know that

—%<x+%—(k—l)a<% and x+%—ka <0, therefore we can consider

the following two cases.

*If x+%—(k—l)a£0,on has x+%—ka<x+%—(k—l)a.There—

3
fore by the strict increasing of B; on [—5;0} , we obtain

B, (x+%—kaj< B, [x+%—(k—l)aj.

* If x+%—(k—l)a>0,then —x—%+(k—1)a£0 and

—x—ﬂ+(k—l)a—(x+ﬂ—kaj:—2x—2(k—_1)+(2k—1)a > 0. Indeed,
b b b
—2x—m+(2k—1)a2—@+(2k—1)a
SR i o) NS PO U LS e
m—1 m—1

>_3(k—1)+k+_m—2X3(m—3)_3(m_2_k)>0
m—1 m—-1 " 2(m-2)  2(m-2)

Thus x+%—ka < —x—%+(k —1)a and using the fact that B, is sym-

. . s . 3
metric around the origin and strict increasing on [—5;0} , one has

B, (x+%—kaj£83 (x+%—(k—l)a].

All in all, we conclude that |A§2 (x)| >0 forall ke {1,---,m —2} .

For k=m-1, we consider the matrix A, (x) given by

B3[x+m_1—(m—l)aj B3[x+m_l—(m—2)aj
b b

B3(x+m_2—(m—1)aj 33(x+m;2—(m—2)aj

We know respectively that B, (x + 2

B3(x+m_
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B, (x+mb_1—(m—1)aj>B3 (x+m
Bs(x-i-m_l—(m—Z)aj

b
B3(x+m_

0 if xelii—m—_1+(m—2)a;0}
2 b

It is easy to see that if xe[%—mT_lJr(m—ﬂa;O] then |A2’”2’1(x)| >0. To

end, we prove that for all x e [—%;%—mT_lJr(m —2)aj, |A2”;’1 (x)| >0.

We also know that —§<x+m —(m—2)a<% and

xv s (m—1)a <0, therefore we can consider the following two cases.
m—2
“If x+ —(m-2)a<0, one has
m—2 m—2 I .
x+ —(m-1)a<x+ —(m—2)a . Therefore by the strict increasing of

m
B, , we obtain B, (x+

—2 —(m—l)aj< B3(x+mT_2—(m—2)aj.

I x4 72 (m-2)a >0, then —x-""24(m-2)a<0 and
. _2+(m—2)a—(x+m;2—(m—l)aj
:—2x—M+(2m—3)a>—3+%+a20.Thus
2+ 72 (m-1)a<-x-"""21(m-2)a and using the fact that B, is sym-

metric around the origin and strict increasing, one has
-2 -2
B3[x+mb —(m—l)a)SB{x-i-m —(m—2)aj.

In the second time, we consider, for all k €{1,---,m—1}, the matrix A, (x)

given by

B{x+%—ka] B3(x+%—(k—l)aj 0

AL (x) = 33[“%_@,} B{x+%_(k_1)aj 33[“%_(/(_2)(;}
k_z—(k—l)aj B3(x+k;2—(k—2)a)

0 B, [x+

For xe{—g;————+(k—l)a}u[§—£+(k—l)a;0},wehave
22 2 b

DOI: 10.4236/am.2022.135026 396 Applied Mathematics


https://doi.org/10.4236/am.2022.135026

A. G. D. Atindehou

B3(x+k;2—(k—1)ajzo or B{x+§—(k—1)a]=0 and hence

k-2

s (x) = B, (H —(k—2)a]|A§2 (x)]>0

or |A3k3 (x)| =B, (x+%—kaj|A§21 (x)| >0.

We proved previously that B, (x-i—%—kaj > B, (x+%—(k—1)aj for all
ke{l,,m-1}.

Nest, we prove that B, (x+%—ka) < B, (x-i—%—(k —l)a)

and B3[x+%—(k—l)aj>33 (x+%—(k—2)aj.

We know for all ke{l,---,m—l}, —%<x+%—(k—l)a<%,
k-1 k-1 .
X+———ka<0 and x+T—(k—2)a >0, therefore we have different fol-
lowing cases.

*If x+ﬂ—(k—1)aso, on has x+%—ka<x+%—(k—l)a. There-

fore by the strict increasing of B, on {—%;0} , we obtain

B, (x+%—kaj<B3 (x+%—(k—l)aj.

*If x+%—(k—l)a>0,then —x—%+(k—1)a<0 and

_ - 2(k -1
—x—%+(k—l)a—(x+u—kaJ:—x— (kb )+(2k—1)a>0.Indeed,

Therefore x+ Lt ka<—x— % +(k—1)a and consequently we have
B3(x+ﬂ—kaj<33(x+ﬂ—(k—l)aj.
b b
*If x+%—(k—l)a>0, we have x+%—(k—l)a<x+%—(k—2)a
and then B3(x+%—(k—1)aj>33[x+%—(k—2)a).

*If x+%—(k—l)a£0,then —x—%+(k—l)a20 and
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2(k-1
xe(———— (k-1)a:2 54 (k-1)a j —2x—(k—)+(2k—3)a<3—3—a<0.
2 b 2 b b b
k-1 k-1 . .
Thus —x—7+(k—l)a<x+7—(k—2)a and using the fact that B, is

symmetric around the origin and strict decreasing on {0,%} , one has
B, (x-i—%—(k—l)aj > B, (x-i—%—(k—Z)a).

—(k—l)a)<B3(x+k_2

One has B{x—l < B, x—l—i-a because —é<x—l<x—l+a<0.
b b 2 b b

Let us prove that B, (x+ —(k—Z)aJ for all

ke{l,-,m-1}.

k=2

Let ke{Z,---,m—l}. We known that —%<x+ —(k—2)a<% and

k-
X+

( )a < 0, therefore we have two cases.

k- 2 -2

If x+

(k—l)a<x+k

b b
)<B( ;2—(k—2)a).

—(k 2)a >0, then —x—k_2

_Z—ka]

=—2x—@—(2k—3)a >—3+%—a > 0. Therefore

k— 2)a<0 then x+k —(k=2)a

2
and therefore B, (

*If x+

+(k—2)a<0 and

k-2

—X—

+(k—2)a—(x+k

L S P +(k—2)a andthen
B3(x+k;2—(k—1)aj<B3(x+k;2—(k—Z)aj.
Let
o) B, [x+§—kaj 0
0 B(x+k 2—(k—2)aj
p (x+%—(k—1)aj 0
_B3(x+k_2—(k—1)aj B(x+ —(k—Z)aj
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33[“%-1@) B3(x+§—(k—1)aj

_ 0 B3(x+k;2—(k—1)aj‘

A direct computation shows that
p(x)=B3(x+%—kajB3(x+k_2 —(k—Z)a}—B3 (x+%—(k—1)aJ
x B, (x+ k=2 —(k—Z)aj—B3(x+£—kajB3 (x"'ﬂ—(k—l)aj
_2—(k—2)aj
—(k—l)aj
k
(k-2)a |-a,8, <+ (k-1)a)

=-A,B, (x-i—%—(k—l)ajAaB3 (x—i— k

+A, B, (x+%—(k—2)aJAaB3 [x+

-2

=A B, (—x—§+kajAaB3 (x+ k

xA, B, (x-i— k=2 —(k—l)aj (one uses A B, (x) =-A,B, (—x+a))
Hence to have p(x)> 0, it suffices to show that for all
k-2 3 k

———+(k-)a;=——+(k-1)a |,

( (=13~ +(k-1)a)
AaB3(x+k;2—(k—2)aj>AaB3(x+k_2—(k—1)aj
AaB3(—x—E+kaJ>AaB3(—x—£+(k—l)aj

b b
AZB3(x+k_2—(k—2)aj>0
=

A’B, (—x—%+kaj>0

This means precisely that A2B;(x)>0, xe (—%+ a,%—%+ aj which is ob-

tained in Lemma 3.

b) Let ke {2,- -m —1} and consider the matrix

B3(x+%—kaj 33[x+%-(k-1)aj 0 0
. B3(x+%—kaj B3[x+%—(k—l)aj B3[x+%—(k—2)aj 0 |
0 B3(x+k;2—(k—l)aj B3[x+k;2—(k—2)aj B3(x+k;2—(k—3)aj
0 0 B3(x+k;3—(k—2)a] B3(x+k_3—(k—3)aj

*If 3—§+aS0,then 3—£+(k—l)a£—i—u+(k—2)a and therefore
b 2 b 2 b
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Vxe[—%;O}, B3(x+k;3—(k—2)aJ:0 or B3(x+§—(k—1)aj=0.Thus

L () =B3(x+kl:3 —(k—3)aj-|A3"3(x)| -0

or |Aff4 (x)| =B, [x+§—ka]-|A3k3l (x)| > 0.

*If 3—§+a>0,then —E—E+(k—2)a<§—£+(k—l)a.
b 2 b 2 b
When xe{—ﬁ;—g—ﬂ+(k—2)a}U{E—E+(k—l)a;0},then
2 2 b 2 b

b3—(k—2)aj:0 or B3(x+%—(k—l)aj:0 and therefore

B, (x—i—

|Aff4 (x)| =B, (x—i— k;?’

—(k—3)aJ~|A3k3(x)|>0
or |4, () = 3, (x+%—ka]~|A;‘3_l (x)>0.
We finish by proving that for all x e [—%—?+(k—2)a;%—%+(k—l)a),
|45, (x)| >0. We observe that for k=3 and xe(—l+a;l—%+2aj, then

1
A, [x-i—;—a}

-3 3

42, ()=
xe (-%_T+(k—2)a;5—§+(k—l)aj , then
(

and for ke {4,---,m—1} and

k=3
4;, [x-i—T—(k —3)aj > 0. So we only prove that for all

xe(_i+l;§—%+a} |Af4(x)|>0. Using the condition 3—%+a>0, we

4
consider «a € E,i and be 3 , . In other words, by the Lemma 4,
4°2 3+a 3+2a

we have this result.
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