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In this study, we consider the Josephson current in a system composed of a superconductor/quantum dot/superconductor
junction. In the model, the Coulomb interaction in the quantum dot is taken into consideration, and the Lacroix ap-
proximation is applied to study the electron correlation. We derive Green’s function of the quantum dot by applying the
Lacroix truncation. Although the Andreev bound state does not occur in our formulations, the 7-junction occurs for
a restricted parameter range. On comparing the Kondo temperature with that estimated by another method, it is found
that our Lacroix approximation does not capture well the Kondo physics in the superconductor/quantum dot/

superconductor junction.

1. Introduction

In the last few decades, the Josephson current in a system
composed of a superconductor/quantum dot/supercon-
ductor (S/QD/S) junction has been extensively studied [1-4].
When identical superconducting leads are separated by
a thin layer of insulator, the Josephson current can flow
because of the coherent tunneling of Cooper pairs across the
insulator in the absence of a potential difference. When the
tunneling amplitude across the barrier is small and the spin
is conserved, the current depends on the superconductor
phase difference 6 between the left and right leads. The
current is expressed as J = J.sin 6, where J. denotes the
critical current, which is proportional to the normal con-
ductance through the barrier [5]. When 6 =0, the Josephson
current is zero and the junction is in the ground state. When
0=, the current becomes zero; however, in this case, the
junction energy is maximum and it is in an unstable state.
Very recently, carbon-nanotube Josephson junction systems
have been studied intensively [6-8].

When we consider physics at low temperatures under the
Coulomb interaction in the QD, the physical behavior of the

system depends on the relative magnitude of the Kondo
temperature T and the BCS gap A [9]. When T > A, the
Kondo effect is sufficiently strong to break the Cooper pair at
the Fermi level, and the localized spin in the QD is screened;
it is expected that a Kondo singlet will be formed. This results
in a positive critical current (0-junction). By contrast, when
Tk < A, the Cooper pair is strongly coupled, and the Kondo
screening is essentially negligible. In this case, the Cooper
pair is subjected to a localized magnetic moment in the QD.
When the Coulomb repulsion in the QD is large, the ground
state of the QD is a magnetic doublet, and the electrons in
a Cooper pair can tunnel one by one via virtual processes.
The spin ordering of the Cooper pair is reversed, resulting in
a 7-junction [3, 10, 11]. The 0-7 transition is expected to
occur around T ~A. The tuning of the 7-junction in S/QD/S
systems has been studied extensively [3, 12-14].

The current density in the S/QD/S system is composed
of two parts: continuous and discrete spectrums. The
former (latter) arises from outside (inside) the BCS gap.
The current from the continuous current density is
calculated by the usual numerical integral. By contrast,
the current from the discrete current density is calculated


mailto:satoshi@fun.ac.jp
https://orcid.org/0000-0002-0639-5985
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/5639487

by applying the complex function theory. The discrete
current density arises from the Andreev bound states
(ABSs) inside the BCS gap. The ABSs are determined as
poles of the QD Green’s function, and there is a pair of
ABSs 9 in the absence of Coulomb interaction. In
particular, when the energy level of the QD coincides
with the Fermi level wg = 0, @ = 0. In this situation, the
current jumps discontinuously when the BCS phase
difference is +m [15, 16]. Usually, the current from the
discrete current density is much larger than that from the
continuous current density.

The Coulomb interaction in the QD is studied by many
methods: the numerical renormalization group (NRG)
method [17-19], noncrossing approximation [20], quantum
Monte Carlo (QMC) method [21-23], and so on. Although
the NRG and QMC methods are very precise methods, they
are computationally expensive. The simplest method is the
Hartree approximation, which corresponds to the zeroth-
order approximation. In this method, a two-particle Green’s
function is truncated by decoupling at the mean-field level.
Beyond the Hartree approximation, the Hartree-Fock (HF)
approximation is proposed, where up to the first order of the
tunneling amplitude is considered. This method was applied
to the level-crossing quantum phase transition between the
BCS-singlet and the magnetic doublet states [24-27]. The
above two approximations can be applied to describe single-
particle physics. The higher-order Green’s functions are not
taken into consideration; therefore, these approximations
are not sufficient when we consider Kondo physics [28]. To
overcome this defect, the Lacroix approximation has been
proposed [29]. In this approximation, a greater higher-order
correlation effect is included in the QD Green’s function by
truncation in the second order. Although the Lacroix ap-
proximation suffers from several defects, the mathematical
procedures to derive the QD Green’s functions are a simple
application of the equation of motion. Although there have
been many studies on QD systems that employ the Lacroix
approximation [28, 30-34], only a few studies have been
conducted on the current in S/QD/S systems [33, 35].

From these standpoints, we examine the current in
a system composed of an S/QD/S junction with Coulomb
interaction by applying the Lacroix approximation. Under
second-order truncation and simplification, Green’s func-
tion of the QD is obtained. Using Green’s functions, we
calculate the electron occupation number in the QD and the
Josephson current. We can observe the 7-junction in a re-
stricted parameter range, but our Lacroix approximation
does not capture well the competition between the Kondo
effect and superconductivity.

2. Model and Formulation

We first introduce the setup of the system and give its
Hamiltonian. For the system, Green’s functions of the QD
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and the Josephson current are derived by employing the
equation of motion.

2.1. Model and Green’s Functions of the QD. We consider
a system composed of an S/QD/S junction, where Coulomb
interaction exists in the QD. The geometry of the setup is
shown in Figure 1. The total Hamiltonian of the system is
written as

H=H, +Hy+Hp +Hyp, ()
where
Hy =Y ekl poCako + D (DaCisica, + He),
ko x
Hp = Z eqdyd, + Unging, 2)
v

_ T i
H; = tZ(cL)k)gda + Crroo + H.c.),
k.o

where a=L,R and o=1,|. H, represents the super-
conducting lead a; c,, ;. , denotes the annihilation operator of
an electron with energy ¢, wave number k, and spin o in the
lead; the order parameter A, = Ae’®s with the BCS gap A and
the BCS phase 0,; Hj, represents the QD; d,, denotes the
annihilation operator of an electron with spin o¢; and ¢,
denotes the QD energy level. The occupation number of an
electron in the QD with spin ¢ is defined by n,, = d'd,, and
U represents the Coulomb repulsion between electrons with
up- and downspins. H represents the electron tunneling
between the leads and the QD. The coupling strength be-
tween electrons in the QD and the leads is defined by
T, = mvt?, where the tunneling amplitude ¢ is real and v
denotes the normal density of states (DOS) at the Fermi
level.

To describe the above system, we introduce the 2x2
Nambu representation. We set the spinor field operators as

(3)

d,
\Pdo = < d% ))

vh, =(d! d;),
where o = |,T. Hereinafter, Green’s function written
with a hat symbol represents a 2 x2 matrix. Using the
above operators, the retarded (advanced) 2 x2 matrix
Green’s function is defined as é;ki,ﬁk’a’ (t,t") = Fif
(it$t')({\I’aka(t),‘I’;k,U(t')}). The lesser Green’s func-

tions are defined as follows:
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FIGURE 1: Schematic diagram of a superconductor/quantum dot/superconductor (S/QD/S) junction. ¢ denotes the tunneling amplitude

between the leads and the QD.

~< )
Gtxko,rx’k'o' (t’ t’) = l(

~< .
Gdo,txko (t’ t,) =1 (

Employing the equation of motion, we derive all
Green’s functions. We denote g} as the retarded Green’s
function of the QD in the absence of coupling with the
leads, and g} is denoted as the retarded Green’s function
of the lead a with spin ¢ in the absence of coupling with
the QD. In the Nambu representation, these functions are
written as

: w—¢g;+i0" 0
@) ( )

0 w+ g, +i0*
1 UAzx (5)
w
Foy (@) = —imvp (w) ,
oA, ]
w

respectively, where a symbol with an overbar represents the
complex conjugate of the symbol, and the factor p(w) is
defined as

|w|

Vs e
plw) = (6)
w
e

It is noteworthy that p denotes the ordinary BCS DOS for
|w| > A; however, it is imaginary for |w| <A.

We define Green’s functions of the QD with spin ¢ using
the Zubarev notation as

(e )

<<<d(,;d;>> <<dg;dg>>>
dldhyy (dbidsyy )

<Cl,’kl’0" (t,)ca,k,o (t)> <Ctxl,7k',5' (t/)ca,k,o (t)> )
(o () @) Gy () @) )
oo (), () Leqiz (t)d, (1)) )

<C:;,k,a (t")d () {cqiz (t')dL(0))

(4)

By using the Dyson equation, we obtain the retarded
Green’s functions of the QD as

— _ —(O)r 1
G @] =[6 @] -  ®
where ig (w) is the self-energy due to the on-site Coulomb

interaction. Following references [19, 36], ig (w) =
UIAJdU (w) [G;a ()], where I:“dg (w) is defined as

~ Kdgngs; diyy  ({dongg; dsy)
Fdo (w) = . (9)
~Kding; dlyy —Lding,;ds)y

~(0
In the absence of Coulomb interaction, G;U)r (w) is given
by

=~ (0)r -1 _ ~
6 @] =@ @) -2 @ o

where 3 is the noninteracting self-energy, which is calcu-
lated by

5" (0) = T (3}, (0) + Gy ()T, (11)

where T = t5,, and &, denotes the third component of the
2x2 Pauli matrices. Each element of ¥ is given in
Appendix.

In the presence of Coulomb interaction, it is necessary to

U . . .
calculate X self-consistently. In this study, we derive

Green’s functions, G, under the Lacroix approximation.
Although the Lacroix truncation was originally proposed for
the Anderson model with normal conducting leads [29], we
extend the method to superconducting leads. The detailed
derivations are given in Appendix. The final expression of
the (11)-component of G, is

1

(Gee @) = R @ o @ @+ TP,

(12)



where

Po(w)=w-¢e;-U(1—{ngy) +3il,

+U (A}, (0) — Ay, (w)),
Qo (w) = ((U — &~ U<nd¢_7>) (Alo ((A)) - A20’ (CU))
U [y (1 ngsy) — (o, 3]

= 2iT ) — (B, (w) + By, (w)),
R, (0) = w—e5 -2, (w) — Ulng)

(2 () +Udsd,)) (55, (w) + ULdydl) )
232 (CU) + U<ndo>

>

w+ée;—
T, (w) = (264 + U (1 +{ny,) —(nzs)))

9 (w) + U(d;d;)
+e,— 222 (w) + U(nd,I)’

x{dzd,)
w
(13)
and the (21)-component of G/, is given by

50 () + ULdldly
29, (w) + Udng,»

[Gda(w)]n'

(14)

(Gl ()], =

w+€d

We can obtain [é:lg(a))]12 and [CA};(7 (w)],, in a similar
way, and the final expressions are given in Appendix.

2.2. Current and Electron Occupation Number in the QD.
The current from the lead L to the lead R is given by the time
derivative of the electron occupation number in the lead L.
Applying the equation of motion [37, 38] and the definition
N, = Zk)acz’k’ +CLko> We obtain the current I as follows [39]:

dN
=" <dtL> ;[NL’HD
=t Y (el i) ~(heri)) (15)
k,o

= 1Y (Gt (61~ G (1),
k,o

where the matrix elements of the lesser Green’s functions are
denoted as follows: Gy, (t, t = i(cz’k’a (t"d, (). Simi-
larly, I, which is the current from the lead R to the lead L, is
obtained. Using the 2 x 2 matrix Green’s functions and their
Fourier-transformed forms, we obtain the Josephson current I as
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Izi(IL_IR)

1 et

=35 Y [ do [Giosie @ -Giipae @) (19
k,o

- é;a,Rka (w) + é;ko,da (w)] "
where [G],-j is the i, j-th element of G. The occupation
number of an electron with spin ¢ in the QD is given by

Mgy =5~ de [GdT (w)]n’
(17)
gp) = Jd“’ Gy @] .

The averaged occupation number in the QD is
(ngy = {ngpy +<ngp).

To calculate the current (16), the retarded and lesser
Green’s functions between the QD and the leads are nec-
essary. We can derive these retarded Green’s functions by
employing the equation of motion, as follows:

~r =1 ar
G GdaTg a,0” ( 1 8)

~~7

(Xd - gtx oTGda

In the above expressions, we used a simple notation for
summation over a wave vector k: Zkkaakﬁk = G,p. The
Langreth theorem states that the lesser Green’s functlon of
a matrix AB is given as [AB]< = =AB +AB [40]. For
equilibrium, by employmg the ﬂuctuatlon d1551pat10n
theorem, we obtain G (w) = f(w) (G (w) — G (w)), where
f(w) denotes the Fermi distribution function. This
function is given as f (w) = 1/(e“P + 1) with B, = 1/ksT,
and the Fermi energy is set as wp =0. The advanced
Green’s function, Gj;(w), is calculated by using the
retarded Green’s funct1on as G (w) = (G (w))". Thus,
we can construct all Green’s functlons on the basis of
G, (w).

The Josephson current consists of two components: the
current due to the continuous spectrum for |w| > A and that
due to the discrete spectrum for |w| < A:

I=T4 +1

con’

o= 5o | dof @i (9)

e -A 0 .
Ion= Ik (JOO + JA )da)f(w)]c (),

where j; ) (w) denotes the discrete (continuous) current
den51ty Under the HF approximation, using the definitions
of 3° and Zd given 1n equations (11) and (A.10), re-
spectively, we find that Gd (w) has s1ngular points (poles).
We write the determinant of (Gdg ()" as D(w), which
becomes
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D(w; ey 0, 605) = det[(éga(w))'l]

(20)
=ad - bc,
where
a=w-¢g;+2Lp(w)—Ung),
b = —0ily (AL + Ag)py (w) —U{dzd,,
(21)

¢ = —0ily (A, + Ag)py (w) — ULdrdLy,
d=w+e;+2ilp(w) +Ulng,

where p,(w) = p(w)/w. In our previous study [27], we
considered the spin-flip effects on the current in an S/QD/S
junction with a Josephson junction in the range |w| < A. For
the system, the HF approximation was applied by neglecting
the pairing correlation functions (dld;) and {dsd,). In the
absence of direct tunneling between leads and spin-flip
effects in the QD, D(w;¢,, 0) = det[ (G;d (w)™] in that
paper coincides with equation (20) without pairing corre-
lation functions. D (w) given by equation (20) is a quadratic
function in terms of w, and consequently, two poles can
occur in G;U(w). When p(w) is given, D(w) has a finite
imaginary part for |w|>A. On the contrary, D(w) has
a real part with an infinitesimal imaginary part for |w| <A.
The ABSs exist inside the gap |w| <A, and their positions
correspond to the poles of Green’s function G;J (w).
The discrete current Iy, originates from the ABSs, and to
calculate I, we employ the Sokhotski-Plemelj formula,
lim, I dw/g(w) = —in/g' (w,), where w, is a real solu-
tion of g(w,) = 0 denoting the position of the ABS. On the
contrary, the continuous spectrum outside the gap |w|> A
contributes to the continuous current I ., which is calcu-
lated by means of the usual numerical integral.

In this study, we consider the system to be at zero
temperature, and all the energy quantities are scaled by the
BCS gap A. Without loss of generality, we put 8 = —6,;, and
the BCS phase difference between the left and right
superconducting leads is set as 0 = 0, — 0. We set the DOS
in the leads in the normal state v = 1/(2W) in the range
|w] < W, where we choose the half bandwidth W = 20 such
that W is much larger than all other energy scales.

3. Numerical Calculation Results

Here, we show the numerical calculation results obtained by
the Lacroix approximation. We define the total density of
states in the QD as p,; (w) = —(1/m)) ,Im [G;a (w)];;> and py
is shown in Figure 2. In our calculation, the multiple integral
over w is divided into two regions: |w| > A and |w| < A. p (w)
defined by equation (6) diverges at |w| = A; therefore,
a sharp peak and dip are observed around |w| =1 in p,.
In the case of the particle-hole symmetric case, ¢; = -U/2,
we observe the Coulomb peaks around w= +U/2
(Figure 2(a)). However, it is known that the Kondo peak at
the Fermi level (w =0) does not appear in the Lacroix
approximation. On the contrary, in the case of the particle-
hole asymmetric case, we observe the Coulomb peaks
around w=¢; and ¢; +U, and the antiresonant dip is

observed around w = U + 2¢, (Figure 2(b)). This unphysical
resonance is a specific characteristic of the Lacroix ap-
proximation, which disappears in the limit U — oo
[29, 41]. In Figure 2(c), the Kondo peak is observed around
the Fermi level.

The dependence of the current on the BCS phase dif-
ference is shown in Figure 3. In the case of the HF ap-
proximation, the current I is expressed in the form
I = 1_sin 6, where I is called the critical current and 0 is the
BCS phase difference. In the HF approximation, the am-
plitude I, depends slightly on 6, and the phase shift occurs
when ¢ is chosen in the range —U < ¢, < 0 (Figure 3(a)). That
is, the current-phase relations change from I = [I_|sin 8 to
I =-|Isinf with changing e;, which is called the 0-7
transition [42]. A similar property is observed in the Lacroix
approximation (Figure 3(b)). However, a difference is that
the current amplitude I, depends strongly on the phase 6.
This is caused by different calculation schemes employed by
the two approximations; the HF approximation is a type of
mean-field theory, taking only the nonconnected part in F
into consideration, and the macroscopic parameters {rn,,;)
and (d;db are determined self-consistently. On the con-
trary, in the Lacroix approximation, by taking the connected
term 13;0 into consideration, these macroscopic parameters
are self-consistently determined for each 6. As a result, these
parameters are dependent on 6. Although the current sat-
isfies I =0 at 0 =0, £7, it deviates from the relation I =
I, sin 0 with a fixed I_.

Let us consider the 0-7 transition in terms of the
Kondo temperature and the BCS gap under a large
Coulomb repulsion. The Kondo temperature T in the
normal conductor connected to a QD is given by several
calculation schemes. T calculated by scaling theory is
Ty =T\/U/(2T) exp[ne, (1 + €4/U)/ (2T)], where T = 27vt?
[43]. For the SU(N) Anderson impurity model, T cal-
culated by the renormalization group scaling theory
is Tx =explmey/ (NT)] [44]. However, for the same
model, T calculated by the Lacroix approximation is Ty =
W exp[me,/ (N — 1)I)] [29, 45]. Although the formulation
by the Lacroix truncation scheme is rather crude, it can
qualitatively capture the 0-7 transition in the S/QD/S
system, where the Kondo effect and superconductivity
compete against each other [35]. The relative magnitude of
A and T determines the characteristics of the dependence
of the current on the BCS phase difference. In the weak
coupling case, A > Ty, the m-junction is observed, and the
ground state of the QD is doublet (dashed curve in
Figure 3(b)). On the contrary, in the strong coupling case,
Tk > A, the 0-junction is observed, and the ground state of
the QD is the Kondo singlet (solid curve in Figure 3(b)).
Comparing the results obtained by our Lacroix approxi-
mation with those obtained by the HF approximation
(Figure 3(a)), the dependence of the current on the BCS
phase difference 0 is highly nonsinusoidal. For the in-
termediate coupling case, Tx ~A, and the dependence of
the current breaks into three different regions. In the
central region around 6 = 0, the behavior of the current
resembles that in the ballistic short junction: the current
changes linearly with 0. In the surrounding two regions,
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FiGure 2: Total local density of states in the QD for I, = 0.5 and U=12. (a)g; = —6. (b) g5 = —5. ()¢5 = —4.

the dependence of the current on the phase is similar to
that in a 7-junction (Figure 3(c)). At the transition point
Tx ~A, we obtain g;~ [(N — 1)I'In(A/W)]/m by using the
Lacroix expression. In our parameters with N=2, e;~—0.2.
This value does not agree with our numerical calculation
result, e;~—5.5. In spite of this discrepancy, the above-
mentioned properties of dependence of current on the BCS
phase difference are qualitatively consistent with the re-
sults obtained by the NRG method [13]. In our calculation
of HF approximation, a complex dependence of the cur-
rent on the phase, such as that in Figure 3(c), did not occur
around the transition point T ~A.

The dependence of the averaged occupation number of
the electrons in the QD on the QD energy level is shown in
Figure 4. For a much smaller ¢; such as ¢; « - U, {ny) ~2.

Intermediate values of ¢; such as —U < ¢; <0, where {n;) ~1,
define a magnetic region in which a 7-junction occurs. For
larger values of ¢ satistying ¢, > 0, {n,;) ~0. This property is
identical for both the HF and the Lacroix approximations.

The current density distribution under the HF ap-
proximation is shown in Figure 5(a). The total current
density is defined as j(w) = j;(w) + j.(w). When ¢, is
chosen such that e;~—U, we can find sharp peaks within
the BCS gap A in the current density distribution j. The
positions of these peaks correspond to the zero of D. There
is an ABS below the Fermi level, and it carries a negative
current. Although j_. >0, it is generally small and satisfies
je < 1j4l so that j <0 (m-junction) [46]. The dependence of
the pole positions of Green’s function [G;o (w)];; on g, is
shown in Figure 5(b). We defined «! as the real solutions
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respectively.

of D(w) =0 within the BCS gap, |w)|<A. Here, w?
corresponds to the position of the ABS, and we find that
w’=~ - " is satisfied [47]. On the contrary, in the Lacroix
approximation, [(A;;U (w)],; is given by equation (12),
which is described by the variables P, Q,, R,,and T,. If P,
Q,, and T, are neglected, [G;a (w)];; = 1/R,(w), which
agrees with the result obtained from the HF approximation
[27]. When the connected term F;his considered, P, Q,;,
and T, appear in the expression of [G;g (0)];;. We see that
P, and Q, have finite imaginary parts due to the terms
proportional to il'), and R, and T, have a similar property:
for |w| > A, R, and T, have finite imaginary parts. On the

contrary, for |w| <A, R; and T, have real parts with an
infinitesimal imaginary part. In our Lacroix approxima-
tion, we define D(w) as D =P, R, -U(Q, +T,). Then,
unlike the HF approximation, D has a finite imaginary part
for any value of w, and there is no real solution for D=0 in
the range |w| <A.

The dependence of the critical current on the QD energy
level is shown in Figure 6. In the case U=0, I is positive, and
it diverges at ¢; = 0 (Figure 6(a)). For a finite U, we apply the
HF or Lacroix approximations. Generally, for U <T, ny
and n,, are almost equal, and the current is positive with
amaximum at &; = —U/2. By contrast, for U > [, n;; and ny)
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for Ty =0.1 and 6= 7/2. (a) Current density, The solid and dashed curves correspond to cases U=3 with ¢; = —3and ¢; = —4, respectively.
(b) Dependence of the pole positions odear on the QD energy level. The solid curves with symbols e, o, and * correspond to cases U=0,

3, and 5, respectively.

are not equal, and therefore, the QD becomes magnetic. In
the HF approximation, the m-junction occurs in the range
-U<e,; <0 (Figure 6(b)). By contrast, in our Lacroix ap-
proximation, although the 7-junction occurs around ¢; ~ -U
or 0, it does not occur in the entire range —-U <e;<0
(Figure 6(c)). Current I is composed of I, and I, and the

dependence of I and I, on ¢; is shown in Figure 6(d).
Because there is no real solution for D=0, I and I_,, were
calculated by the usual integral. We see that I j;, and I, have
similar properties; I 4 and I, are negative around e;~-U
and A, but I 3, and I, are positive with a sharp peak around
gg~ — (U + A) and 0. Thus, in our calculations, even if there is
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FIGURE 6: Dependence of the critical current on the QD energy level for I’y = 0.1 and 0 = 71/2. (a) U=0. (b) HF approximation. (c) Lacroix
approximation. The solid, dashed, and dotted curves correspond to cases U=5, 8, and 10, respectively. (d) Component of I.. U= 8 and the
data are obtained by the Lacroix approximation. The solid, dashed, and dotted curves represent I, I, and I, respectively.

no real solution for D=0 in the range —U < ¢; <0, a negative
current (critical current I, < 0) occurs around ¢;~—U and A.

4. Conclusions

We have studied the current in an S/QD/S junction system
with Coulomb interaction. In the HF approximation, up to the
first order of tunneling amplitude ¢ was considered, while the
electron correlation was not considered sufficiently; therefore,
it was necessary to include a higher-order Green’s function.
In this study, the Lacroix approximation was applied, where
up to the second order of t was considered. In the HF

approximation, the connected term F;;, was neglected in the
cluster expansion, and the macroscopic parameters {1,,),
(d;d;), and {(d;d,) were self-consistently determined. It
turned out that this simplification corresponded to the neglect
of <<dond3; djr>>c’ <<Ctx,k,ond3; d:;>>c’ <<d;'Ctx,k,EdU; d2>>c’ and
<<C£)k,adada; dlyy. in the expansion of the higher-order
Green’s functions. The lack of these connected terms is
a crucial defect when we consider low-temperature physics
such as Kondo physics. In our Lacroix approximation, the
connected term F,;, was taken into consideration under
several simplifications; the superconducting correlation
functions involved in the QD and leads and all the pairing
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corrections obtained from higher-order Green’s functions
were neglected Under these simplifications, we calculated
d,; U>> and ((d 1ds)) self—consistently

In our Lacroix approximation d; U)) was expressed
by the varlables P,, Q, R,, and T,. When the connected
term F, was not cons1dered P, Q,, and T, vanished,
giving {{(d,;d!>) = 1/R,, which recovered the expression
obtained by the HF approximation [27]. The denominator of
d,; U)) was defined as D (w). In the HF approximation,
when we chose ¢;~ —U or 0 for a finite U, there were two real
solutions for D=0 in the range |w| < A. One solution below
the Fermi level yielded a negative current, and the 7-junction
occurred in the range —-U <¢; <0. On the contrary, in our
Lacroix approximation, there was no real solution for D=0,
which results from our calculation scheme based on the
Lacroix approximation; the variables P, and Q, were
complex for the entire range of w because of the terms
proportional to il,. As a result, although the 7-junction did
not occur in the entire range —U <e¢; <0, the negative
current occurred only around ¢;~-U and A.

In the HF approximation, the higher-order electron
correlation is inherently not taken into consideration, and
therefore, a discussion of the characteristics of the current
in terms of the ratio A/Ty is inappropriate. Although
higher-order Green’s functions are taken into consider-
ation under simplifications in the Lacroix approximation,
it is not a precise calculation compared with the NRG,
functional RG, and QMC methods [48]. In fact, our nu-
merical calculation results did not agree well with T
estimated by Lacroix. In spite of this discrepancy, our
numerical calculation results captured several aspects of
the 0-7 transition and the Kondo resonance in restricted
parameters. However, our Lacroix approximation could
not capture well the competition between Kondo physics
and 7m-junction for all the parameters. The Lacroix ap-
proximation employs a truncation at the second order of ¢
and applies cluster expansion for higher-order Green’s
functions. Under these simplifications, reliable calculation
results are obtained in restricted parameters, and only the
qualitative features of Kondo physics in superconductors
are obtained.

Appendix

A. Derivation of Green’s Function of the QD

In this section, we present the derivation of G, () fol-
lowing reference [49], in which the normal conductor/QD/S
junction was considered. We use the Zubarev notation for
the retarded Green’s function, G, 5 (w) = {{A; B)), which is
composed of the operators A and B. The equation of motion
of {({A;B)) is given by

w{<{A; B)) =([A, B],) +[A, H]_; B)),

where [A, B], = AB + BA. We first derive the equations of
thion of each element of the retarded Green’s function
G, (w) given by equation (7):

(A.1)
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(0 -5~ T (@)){{dy;dly) + A ((dLdl))
(A.2)
=1+ Ud,ngz:dlyy,
(w+e5— T, (@)d;dlyy — A {{d, i dl) (A3)
= _U<<d;”da§dg>>,
(0 -4 - T (0)){{dy; dg)) + A {Kda; d5) (A.4)
=Ud g5, d5))»
(w+e5— T, (@)L dgyy — Ay {{d,;d5) (A5)
=1- U<<daﬂdg§da>>,
where we put T (w) = Yy > (0 +&)/E;, T)(w) =Yt

(w — & )/E}, A1 (w) ZkaaA (t*/E}), and A, (w) = Yy ,0A,
(t*/EZ) with E} = — A%, For the symbols 0=T, |, +
and — are, respectlvely, assigned for the up- and downspins
in the mathematical calculations. Replacing the sum over the
wavenumber k by an integral, we obtain I'; (w) =T, (w)=
=2ilpp(w), A, =—iTyo(Ap +AR)py(w), and A,=-iT\o
(AL + AR)py (w), where Ty=mvt?, p(w)= (lwl6(|w| - A)/
Vo =A%) + (00(A - |)/iVA* — w?), and p,(w)= (sgn
(w)0(Jw| = A)/Vw? — A*) + (0(A - |w|)/ iVA? — w?). Here,
0(w) and sgn(w) are the Heaviside step function and the
sign function, respectively.

To simplify the description of equations (A.2)-(A.5), we
introduce a matrix F, (w) as

_ Kdongzdiyy  (Ldgngg;ds))
Fda (CU) = " " Jr . (A6)
—Ldsnygidgy) —Kdgnge; ds))

Using these expressions, equations (A.2)-(A.5) are
written in the matrix form as

[G,f,)r (w)] G, (@) =T+ UFy, (w), (A7)

_2(1)2 (w)
w+e;— 29 (w)

(A.8)

where T is an identity matrix and

(65 @] = ( o

_zgl (w)

- Z(1)1 (w)

where 5 is a noninteracting self-energy with components
20 =39, =—i(IY + I%)p(w) = -2iTp(w), =3, =0ily(A+
AR)p, (w), and Z =0ily (A + AR)p, (w), where we used the
property I'? = & = T,. It is known that equation (A.6) is not
closed because F, includes the higher-order terms of G ,.
To overcome this difficulty, we employ the truncation ap-
proximation. We first expand F, as

By, =S00G () + FS, (), (A.9)

SHF . S
where 2, is the nonconnected part, which is given as
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= d-d
AHF_( <nda> < o o> >’ (A.IO)

o T\ dldly —(ng,)

and the connected part is

~c < <<dand(7;d:;>>c <<d0ndﬁ;d5>>c >
Fyy (@) = . (A1)

~Kdingg; dyyy. —Kdingg; ds)).

When the connected part is neglected, G, satisfies the
relation

-~ _1 -~ —~ -~
([G,ﬁ)r (w)] ~USy, (w))GZ,U(w) =1 (A.12)

The solution of (A.12) is obtained self-consistently. The
occupation number in the QD (n,4,) and the pairing cor-
relation function {d'dl) are given by the relations

(ny,) = _% Jde(w)Im[G;U(w)]ll’

dldly =(dsd,y = L de f(@)Im[G}, (@)],,»

7
(A.13)

where f(w) is the Fermi distribution function with the
Fermi level wg=0.

Beyond the HF approximation, one needs to take Fj,
into consideration. For the study of Kondo physics, we need
to consider only the contributions from the diagonal
components in equation (A.11) [50, 51]. Here, we apply the
Lacroix truncation, where the second order of connection
O(t?) is considered. In this approximation, although the
diagonal components of F;a are considered, anomalous
higher-order Green’s functions such as {{d n;d5)). and
((d%ndo; dl))c are neglected. This yields the relation

29, (w) + U(dldLy
+&;— Zgz (0) + Ulng,»

(dy;dlyy,

(g dyy =
w

(A.14)
and equation (A.2) becomes
(@=e4- 2], (@) = Ung») )KLy diy)
- (20, (@) + Uddsd,) )(ds; dby) (A.15)

=1+ Ud,ng;di Yy
All we have to do is to calculate ({d,nz;di)). self-

consistently. The procedure is as follows. The equation of
motion of ({d,nz;d’») is given by

(0 &g = U)dnggidhyy =Cngy + Y t{Cop oMazi dyy)
ak
+ Y o (hcaiadyid)))
ak

~ el sy 1) ).
(A.16)

11

The higher-order Green’s functions, ((ca’kygnd(—,;dz»,
dleyzdy:dlyy, and (e, _dsd,;dly), are included in

o %o akagtc%or Yo

the right-hand side of equation (A.16). The equations of
motion of these higher-order Green’s functions are

(0 = &) {LCapotaz: dyyd = t{{dynzgdby)

+ 04, <Cl,—k,¢7nd55 dbyy

+ Y t((hew s ptaraid))

o K
~ ey p 55Cae d,§>>>,
(A.17)
(@ = w4 )b apzdy dyyy = {ducorsy + t{{donyz; di)
+ 08, ((dyey g odgid))
) t<< CATETNFORY: 19
o K

- <<CZ’,k’,ECa,k,Eda; iy )
(A.18)
(@ = @0y )<Ll pgdsdy; didy = (el yzds) — tldyngs; dyyy
- EAoc < <Ca,—k,odﬁd ; dT >>

+ Z t<< <C;,k,(_7co¢' wadaidi)
I k/
+ «Cl,k,ﬁdacu’ Ko d'yy )
(A.19)

where w, ;. = ¢ and w,; = —¢;, + 2¢4 + U. To obtain {{d n;
d!)y., we apply cluster expansion under spin conservation
to Green’s functions in equations (A.17)-(A.19). That is,

(dongs; diyy ~ () (Ldy; diyy + Loz di e
(A.20)

LaroMaz ArdY ~ (Ngsd Leapoi Aoy +Leopolaz: dodde

(A.21)
foo g NS gt -dl
<<daca’k’gd0’ da>> <dgctx,k,0'> <<d07 da>> (A.22)
+ ks i) o
b odedidlyy ~ (el doy(d,d!
<<Ca,k,a %5 0>> <Ca,k,g a><< g} a>> (A.23)

+eapsdsdyidy)) e

On the contrary, we neglect all the superconducting
correlation functions and pairing correlations obtained from
higher-order Green’s functions, such as ((cl Mz d;>>,
(dict i dyidly), and ey g d5d,;dlyy. Applying these
cluster expansions and approximations to (A.16), the final
equation composed of the connected part of Green’s functions is



12

(= e;=U (1 —<ngg)){ldyngz: diy).
= U[{ngey (1 —(nggy) —<(dzd, y{didiy ] <<d,; dlyy
+[26, + U (1 =Cngy +<{ng,)Kdsd,» {ds; dlyy

# Y Ceukonasi di))e = el sadsdoid)).
ak

+{dbey s d2>>c>~
(A.24)
To describe ((ca)k,gnd’(—,;db)c, <Gl -d=d -dT>>c> and

a,—k,o oo
((dgca),k,(—,d(,; d;))c in terms of {{d n; d;))c, we apply the
expansions

(@ = )L Cupotaz: Aid Ve ~ t{:dongzidid) e (A25)

(w B wl’k)<<dgcocrk,ﬁdo; d;>>c ~ Al,oc,k,a<<dg; d;>>
+ Bl,u,k,a<<dand(7; d:r;>>c;
(A.26)

(@ = w034 ) <<l kg5 didde ~ Agio{{dyidid)
— Byako (dongs: db Vo
(A.27)

where
_ t
Alako = (wl,k —& = U<”da>)<daca,—k,r;> +t{nyz)

+
- Z t<ca’,k',(_rca,—k,5>’

Ko
A =(w, e, ~Un> e -d=) —t{n =)
2,0k, 0 2,k d do a,—k,g"*o do

‘
+ Z HCo k5 k' 57>
Ko

:
By ako =t —ULdz¢0 157>

o

Byako =t + ULk _15d5).

a,—k,o

(A.28)

Substituting the approximations of equations (A.25)—
(A.27) into equation (A.24), we obtain {{(d,nz;di>)..
Substituting this result into equation (A.15) with the help of
equation (A.14), we finally obtain {{d,; dj,)) as

1
R, (w) — (U(Q, (w) + Ty (w))/P, (w))
(A.29)

(dgid))) =
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where
P,(w)=w=-¢e;—U(1—<ng)+3il,
+U (A, (0) = Ay, (w)),
Q, () = (w—&; - Ulngy) (A, () - Ay, (0))
+U [<ngg) (1= <nggy) —(dgd,<dLdL) |
—2ily<{nzy — (B, (@) + By, (w)),
R, (w) = 0 — g5 =2, (@) = Ulng)

(2 () +Udsd,))(25, () + ULdydl) )

w+e;— Zgz (w) + U<y,

>

Ty(w) = (264 +U (1 +{ng,y —<{ngz>))

29, (w) +Udldly

d-d .
x{dgdq) w+e; =29 (w) +Ulng,»

(A.30)

In the above, we defined the variables as

A . Z t(d%ca’_k,(;)

ic —
ak 2y T Wik

i 1
21 2z~ Wi

J do' (w’)t(<<ca,fk,a; by

—<<ca,fk,a;d£>>1,),
(A.31)

where we put z,=w+i0" and used the spectral
(dicq 1z = (i127) [ do f (@) (((cqizidN,,
—((ca)_ky(—,;d;»:)) and (c;_k)ng): (dgca)_kﬁ). The ex-

pression of ((ca)kﬁ;d;»;(u) is given by

theorem

r(a)
Lepzs dode,

|, (o e) gl oA (g by
22— g - A

(A.32)

where z, =w + i0*, in which + and — denote the retarded
and advanced Green’s functions, respectively. Using these
expressions, the summation over k in equation (A.31) is
given by
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r(a)
Z t<<Ca,_k,ry§ d£>>w'
k 2y~ Wik

:El[ds !

s Z,—§

r(u) r(a)

- oAl dD)
2 — A2

y (2] +¢€){d5; U,>2>

(A.33)

where ¢, =¢ and ¢, = —¢ + 2¢; + U. Similarly, we defined B;,
as

201
t <Ca,,fk’ ECOC,—k,E>
Bia =
aa k' 2y T Wik
LY @)
=— w f(w
27 Z, — Wi

!
a Jk

b r b a
X (<<C“)_k’3.; lX',—k’,E>>a)' _<<C“’_k’3; ‘xl,_k/’E>>w!).

13

The expression of {{c, kg,ca, . _>>
mately given as

<<Ca,_k57 o k' J>>

is approxi-

r(a)

r(a) r(a)
_ OB oo a5V T G 0500, O

Z,— &

(il g W+ 8B
Z, — & ’
(A.35)

with

(dgch 3>

_, (zra)dyd a>>’(“ ~ 08,1 d))”
- z2 - - A

(A.36)

In the numerical calculation of the multiple integral in

A.34
(A-34) A,;, and B, ;, we use the following formulas:
0 1 1
I, = J de 3 5
o 2y —€ZP g2 A
+sgn (w')mi |> A
22— A2 —z,Fsgn(w)yz’ - A2 (A.37)
s 1
> |w'| <A
\/A2 27 —i\/A2 27—z,
0 1 £
I, = J de 3 >
-0 2y~ € Z, e —A
~ RN
z, + sgn(w' )27 - A? (A.38)
+, |o'| < A,
iNA* -2 +z,
© 1 1
13 = j_ dS P _ U 2 > 2
co 2, tE— g z, —e-A
!
Fsgn (w')mi /|> A
\Z2 =A% z, —2¢,-U +sgn (cu Wzl - (A.39)
- , |w'| <A,
\/Az—z’i i\/AZ—z; vz, -2e-U
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&

i 1
I, = de
! J—oo z,te—2e-U % g2 _ A2

—71i

z, —2e; - U + sgn ()2} - A2

—71i

, lw'| > A,
(A.40)

lw'|<A.

; 2 ’
iNA* =2 +z, - 2¢,-U

In this Lacroix approximation, the higher-order Green’s
functions in equation (A.16) are expressed in terms of
d,; d;)) and {{d n; d;))c. Eliminating {{d n5; d;))c,
we calculate ({d,; d;)) and ((d;; d;)) self-consistently.
In the formulation, {(dlc,;,> and (c;k’gcaf,k:)& are taken
into consideration through A;; and B;;, respectively. These
terms diverge logarithmically at the Fermi level at zero tem-
perature and play an important role in the Kondo effect [29].

Following similar procedures, we can calculate

{(dL;ds)) and ({d,;ds)), and the final expressions are

1

di:dsyy = = - _ _ ,

() R, (@) +(U(Q, (@) + T, ())/P, (@)
(A.41)

20, (w) + Uldsd,)

dyidgyy =——12 o L dz)),

dyids)y = oy Gy < e
(A.42)

where

P,(w) = w+e;+U(1—{ny,»)+3il,

+U(A,, () - Ay, (),
Qp (@) = (@ + &4+ Ulnge))(=A, () + Ay (@)

+ U [{ngey (=1 +<{ng,0) +<{d5d, <yl ]

= 2iTy<(ng,) —(By,y (@) + By ()

— oA(d T, [ipo (w) + (2, +U) %Ig (w)],
R, (@) = @+ &y~ 25, (@) + Ung,)

~ (29, (w) + Uldyd,y)(Z3, (w) + ULdldLy)
w4 — 20} (@) - Ulngy

>

TU () = (25 + U (1 +<ngy —(ny,»))

20, (w) + Ud;d,)
— &~ 2(1)1 (@) - Ulng)’

x(d!dLy
w

(A.43)

where we defined A, (w), B, (0), and I, (w) as

+
A AT
ic — ~
ak 2y~ Wik
i 1

- - de/f(w')t<<<da§ C;,k,a>>:)’

2m kG T Wik

—<<d0;c;k,a>>j,),

(A.44)
- t2 <Cl’k’gca,,k,,0'>
B, = oz —6..
« lX/,k,kl + l,k
_ L Z 1 J-dw/f(wr)tz (A~45)
2 o kk 2~ @ik
T r
X (<<Ca’,k’,a; Cot,k,f7>>w' N <<C0¢,:k,,5; C“’k’5>>:), )’
i (o) J P ! (A.46
w) = ) — 5 .
’ Z, — @, 22 — &2 — A? )

where @, =-¢, W, =& —2e;-U, @ =—¢, and @, =¢-
2¢,4 — U. In the numerical calculation of the multiple integral

in A, and B, ,, we use the following formulas:
~ 0 1 1
I, = J de 5
0 ZyteZll g2 - A?
[+ sgn(w')mi 1
82 (") _ X lwr| S A,
2y =N -z, +sgn(w' )z, - A*
s 1
, || <A,
\/A2 o i\/A2 -2 —z,
(A.47)
~ © 1 £
I, = J de 3
-0 2z, +¢& ZlJr 82 Az
i ,
= y |w | >A
z,Fsgn(w' )z — A? (A.48)
- i ,
|w | <A,
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~ © 1 1
I; = J de 5
—c0  Z,—e+2e+U 27 g2 A2
Fsgn (w' )i 1 l'[> A
) w'|>A,
22— A’ z, +2e,+ U sgn(w)2) — A
il ! , '] <A,
\/Az—z’i2 —i\/AZ—z’i2 +z,+2,+U
(A.49)
- © 1 3
I, = J de 3
—co 2, —e+2e5+U F7 g2 A?
—71i ,
R |w |>A,
z, +2e;+UFsgn(w' )z, — A
—i
= , |w'| <A
—i\A* =2 +z, +2e,+U
(A.50)
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