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Abstract

In this paper we establish the general solutions and investigate the Hyers - Ulam stability of the
following functional equation

fBrx+2y+2)+ fBr+2y—2)+ fBx—2y+2)+ fBz — 2y — 2)
=712f(z+y) + fl@ -]+ 18[f(z + 2) + f(z — 2)| + 8[f(y + 2) + f(y — 2)]
+24f(2z) + 4 (2y) — 240 (z) — 160f(y) — 48 (%)

in quasi-Banach spaces.
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1 Introduction and Preliminaries

The following question concerning the stability of homomorphisms is studied by S.M. Ulam [1]: Let
(G1,*) be a group and let (G2, ®,d) be a metric group with metric d(.,.). Given € > 0, does there
exist a d(e) > 0 such that if a mapping h : G1 — G2 satisfies the inequality d(h(zxy), h(z)Oh(y)) < 6
for all z,y € G1, then there is a homomorphism H : G1 — G2 with d(h(z), H(z)) < eforallz € G17.
In 1941, D.H. Hyers [2] gave an affirmative answer to the question of Ulam for Banach spaces. In
1950T. Aoki [3] was the second author to treat this problem for additive mappings. In 1978, Th.M.
Rassias [4] provided a generalized version of Hyers’ theorem which permits the Cauchy difference to
become unbounded. A generalization of all the above stability results was obtained by P. Gavruta
[5] by replacing the unbounded Cauchy difference by a general control function in the spirit of
Th.M. Rassias’ approach.

H.M. Kim [6] solved the general solutions and proved the Hyers-Ulam stability for the mixed type
of quartic and quadratic functional equation:

fl@a+ty+2)+flz+y—2)+ flz—y+2)+ flz—y—2) +4f(2) +4f(y) + 4f(2)
=2f(z+y)+2f(z—y)+2f(z+2) +2f(x — 2) + 2f(y + 2) + 2f(y — 2). (1.1)

Eshaghi Gordji et al.[7] introduced another mixed type of quartic and quadratic functional equation:

fnz +y) + f(nz —y) =0’ fz +y) +n’flz —y) +20°(0° = 1) f(x) —2(n° = 1)f(y)  (L.2)
for each fixed integer n with n # 0, £1. They established the general solutions and proved the Hyers-

Ulam stability of this equation in quasi-Banach spaces. Also, for the case n = 2, they established
the general solution and investigated Hyers - Ulam stability for the following equation:

fRx+y)+ fQ2z —y) =4f(x+y) +4f(z —y) + 2 (2x) — 8f(x) — 6/ (y) (1.3)

with f(0) = 0 in RN-spaces.
Arunkumar and Agilan [8] introduced the following mixed type of quadratic and additive functional
equation
fl@ 42y +32) + f(z — 2y + 32) + f(z + 2y — 32) + f(z — 2y — 32)
=4f(x) +8[f () + f(—y)] + 18[f(2) + f(—2)] (1.4)
and they investigated the Hyers-Ulam stability for Eq. (1.6).

Balamurugan et al. [9, 10] introduced the following mixed type of additive-cubic functional equation
fBr+2y+2)+ fBx+2y—2)+ fBx —2y+2)+ f(Bx — 2y — 2)
=24[f(z+y)+ fle—y]+6[f(z+2)+ flz—2)]+16f(2z) — 80f(x) (1.5)
and they investigated the Hyers-Ulam stability for Eq. (1.5).

The stability problems of several functional equations have been extensively investigated by a
number of authors and there are many interesting results concerning this problem (see [11], [12],
[13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [26] and the references cited therein).

In this paper, we deal with the following functional equation deriving from quartic and quadratic
mappings:
fBx+2y+2)+fBx+2y—2)+ fBx —2y+2)+ f(3z — 2y — 2)
=712f(z+y) + f@ -y + 18[f(z + 2) + f(z — 2)| + 8[f(y + 2) + f(y — 2)]
+24f(2z) + 4f(2y) — 240f (z) — 160f(y) — 48f (=) (1.6)
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in quasi-Banach spaces.
It is easy to see that the mapping f(z) = az® + bz? is a solution of the functional equation (1.6).

The main purpose of this paper is to establish the general solution of Eq. (1.6) and investigate the
Hyers-Ulam stability for Eq. (1.6).

We recall some basic facts concerning quasi-Banach spaces and some preliminary results.
Definition 1.1. (See [24], [25]). Let X be a real linear space. A quasi-norm on X is a real-valued

function on X satisfying the following:

(i) |lz|| > 0 for all z € X and ||z|| = 0 if and only if z = 0.
(i1) ||Az|| = |Al|lz|| for all A € R and all z € X.
(iii) There is a constant K > 1 such that ||z + y|| < K(||z| + ||y||) for all z,y € X.

The pair (X, ||.]|) is called a quasi-normed space if ||.|| is a quasi-norm on X. The smallest possible
K is called the modulus of concavity of ||.]|. A quasi-Banach space is a complete quasi-normed
space. A quasi-norm ||| is called a p-norm (0 < p < 1) if ||z + y||” < ||z|” + ||y||” for all z,y € X.
In this case, a quasi-Banach space is called a p-Banach space.

2 General Solutions of Eq. (1.6)

Throughout this section, X and Y will be real vector spaces. Before proceeding the proof of Theorem
2.7 which is the main result in this section, we shall need the following lemmas.

Lemma 2.1. If a mapping f : X — Y satisfies the functional equation (1.6) for all z,y,z € X,
then the mapping g : X —'Y defined by g(z) = f(2x) — 16f(x) for all x € X is quadratic.

Proof. Let f: X — Y satisfy the functional equation (1.6) for all z,y,z € X. Replacing (z,y, z) by
(0,0,0) in (1.6), we get f(0) = 0. Again replacing (x,y, z) by (0,0, z) in (1.6), we reach f(—z) = f(x)
for all z € X. So the mapping f is even. Replacing (z, vy, z) by (0,,y) in (1.6) and using evenness
of f , we obtain

fRrx+y)+ [z —y) =4f(z+y) +4f(x —y) +2f(2z) — 8f(x) — 6/ (y) (2.1)
for all z,y € X. Replacing y by 2y in (2.1) and using evenness of f, we have
fQRz+2y) + f(2x = 2y) = 4f 2y + =) + 4f (2y — ) + 2f(2x) — 8f(x) — 6/(2y) (2.2)

for all z,y € X. Interchanging = with y in (2.2) and then using (2.1), we obtain by evenness of f

fz+2y) + f(22 — 2y) = 4f 2w +y) +4f(2x —y) + 2/ (2y) — 8 (y) — 6/(27)
=16f(z +y) +16f(z —y) + 2f(22) + 2f(2y) — 32f(z) — 32f(y) (23)

for all z,y € X. By rearranging (2.3), we have

[f 2z +2y) —16f(x +y)] + [f (22 — 2y) = 16f (x — )] = 2[f (22) — 16 ()] +2[f (2y) — 16/ (y)] (2.4)

for all z,y € X. This means that g(z + y) + g(z — y) = 2g(x) + 2¢(y) for all z,y € X. Therefore
the mapping g : X — Y is quadratic. O
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Lemma 2.2. If a mapping f : X — Y satisfies the functional equation (1.6) for all z,y,z € X,
then the mapping u : X — Y defined by u(x) = f(4x) — 256 f(x) for all x € X is quadratic.

Proof. The proof is similar to that of Lemma 2.1 by various substitutions. O

Lemma 2.3. If a mapping f : X — Y satisfies the functional equation (1.6) for all x,y,z € X,
then the mapping v : X =Y defined by v(z) = f(3z) — 81f(x) for all x € X is quadratic.

Proof. The proof is similar to that of Lemma 2.1 by various substitutions. O

Lemma 2.4. If a mapping f : X — Y satisfies the functional equation (1.6) for all x,y,z € X,
then the mapping h : X =Y defined by h(z) = f(2z) — 4f(x) for all x € X is quartic.

Proof. It is enough to prove
h(2x 4+ y) + h(2z — y) = 4h(x + y) + 4h(x — y) + 24h(x) — 6h(y)

for all z,y € X. Replacing (z,y) by (2z,2y) in (2.1), we get

fdz + 2y) + f(4x — 2y) = 4f (22 + 2y) + 4f(2x — 2y) + 2f(4x) — 8f(2x) — 6f(2y) (2.5)
for all z,y € X. Since g(2x) = 4g(z) for all x € X where g : X — Y is a quadratic function defined
above, we have

fdz) =20f(2x) — 64f(z) (2.6)

for all x € X. Hence, it follows from (2.1), (2.5) and (2.6) that

h(2z +y) + h(2z —y) = [f(4z + 2y) — 4f(2z + y)] + [f(4z — 2y) — 4f (22 — y)]
=4[f(2z +2y) —4f(z + )] + 4[f (22 — 2y) — 4f (z — y)]
+ 24[f (2x) — 4f ()] — 6[f(2y) — 4/ (v)]
= 4h(z +y) + 4h(z — y) + 24h(x) — 6h(y)
for all z,y € X. Therefore the mapping h : X — Y is quartic. O

Lemma 2.5. If a mapping f : X — Y satisfies the functional equation (1.6) for all x,y,z € X,
then the mapping s : X — 'Y defined by s(z) = f(4x) — 16f(z) for all x € X is quartic.

Proof. The proof is similar to that of Lemma 2.4 by various substitutions. (I

Lemma 2.6. If a mapping f : X — Y satisfies the functional equation (1.6) for all z,y,z € X,
then the mapping t : X — Y defined by t(z) = f(3x) — 3f(z) for all x € X is quartic.

Proof. The proof is similar to that of Lemma 2.4 by various substitutions. O

Theorem 2.7. A mapping [ : X — Y satisfies the functional equation (1.6) if and only if there
ezist a unique symmetric multi-additive mapping D : X X X X X x X — Y and a unique symmetric
bi-additive mapping B : X x X =Y such that f(x) = D(z,z,z,z) + B(x,z) for all z € X.

Proof. We first assume that the mapping f : X — Y satisfies (1.6). Let g,h : X — Y be the
mappings defined by g(z) = f(2z) — 16f(x) and h(z) = f(2z) — 4f(z) for all x € X. Hence by
Lemmas 2.1 and 2.4, we achieve that the mappings g and h are quadratic and quartic respectively

and f(z) = %h(m) — 1—129(x) for all z € X. Therefore, there exist a unique symmetric multi-
additive mapping D : X x X x X x X — Y and a unique symmetric bi-additive mapping B :
X x X — Y such that D(z,z,z,x) = %Zh(x) and B(z,z) = —leg(z) for all z € X(see [11, 26]).
So f(x) = D(z,z,x,x) + B(z,z) for all x € X. The proof of the converse is trivial. O
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3 Stability of Eq. (1.6) : Quadratic Case

Throughout this section, assume that X is a quasi-normed space with quasi-norm ||.||x and that Y
is a p—Banach space with p—norm ||.||y. Let K be the modulus of concavity of ||.||y.

In this section, using an idea of [5] we prove the stability of functional equation (1.6). For
convenience we use the following abbreviation for a given mapping f: X — Y :

Df(z,y,2) = fBx+2y+2)+ f(Bx+ 2y — 2) + f(3z — 2y + 2) + f(Bz — 2y — 2)
—2[f(x+y)+ f(@—y)] - 18[f(z +2) + flz —2)] = 8[f(y + 2) + f(y — 2)]
—24f(2z) — 4f(2y) + 240f(z) + 160 f(y) + 48 (z)

for all z,y,z € X.
we will use the following lemma in this section.

Lemma 3.1. [27] Let 0 < p <1 and let z1,xa, ..., xn, be non-negative real numbers. Then

( Zz) - ( Zm) (3.1

Theorem 3.2. Let j € {—1,1} and ¢y, My : X* — [0,00) be mappings such that

Uy (472, 4™y, 4™ 2)

nhﬁnolo 1677 =0, Vr,y,z€ X, and (3.2)
P (493,47 y, 47 2)
My(z,y,2) = Z 6P < oo, Vr,y,z€ X. (3.3)

i=0
Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality

HDf(xa?ﬁz)”Y wa (x7yaz)7 V%%ZGX- (34)

Then there exists a unique quadratic mapping B : X — Y such that

1722) = 165(@) ~ B@ly < 1¢ [d0(a)]” (3.5)
for all x € X, where

Uy(z) =Myp(z, 22, ) + K My(z, x, x) <E> K* My (z,0,z)

2
" My (0,2,0) + (;)pr(0,0,x)}

+
+ 20 K*" My (x,0,0) + K** K%)
forallx € X.

Proof. Assume that j=1. Replacing (z,y, 2) by (z,2z,z), (z,z,z), (z,0,2), (z,0,0), (0,2,0) and
(0,0,z) in (3.4), respectively, we get the following inequalities

1£(82) + F(62) — 4f(4z) — 80F(3z) + 118 (2) + 280f (2) — 72f(~) + F(~22)]
<y (z,2z,z), VzeX. (3.6)
| f(6x) + f(4x) — 125f(2x) + 448f (x)|ly < ¥ (z, 2, @), Vo e X. (3.7)
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2 (4z) — 40f(2z) + 136f(x) — 8f(—z)|ly < s (x,0,2), Va € X. (3.8)
[4f(3z) — 24 (22) + 60f(z)y < ¢ (2,0,0), VzeX. (3.9)
[—2f(2z) + 72f(x) — 72f(—x) + 2f(—2z)||y <9 (0,2,0), Vae X. (3.10)
124/ () = 24f (=)l < 4 (0,0,2), Va € X. (3.11)
Let g,& : X — Y be mappings defined by g(x) = f(2z) — 16f(x), Vz € X and
&(z) = K[o(z, 27, 2) + Ko (z, 7, 2) + (121> K2y (2,0, ) 4+ 20K *43(2,0,0)
+ (%) K60 (0,,0) + (é) K'(0,0,2)], Va € X. (3.12)
It follows from (3.6) — (3.12) that
1£(8z) — 16f(4z) — 16£(2z) + 256 f(2) |y < &(z), Vo € X. (3.13)
Therefore (3.13) means
lg(4z) —16g(z)y < &(x), Vze X. (3.14)
By Lemma 3.1 and from (3.2) and (3.3) we infer that
o & (4'2) i G (4"2)
;blT < 00, nl;n;o:T =0, VrelX. (3.15)
Replacing = by 4"z in (3.14) and dividing both sides of (3.14) by 16", we get
1 1 1
|lferro@ o) = foro@a)|| < &), vae X, (3.16)

for all x € X and all non-negative integers n. Since Y is a p—Banach space, we have

n+1 m P H 'L+1 i
- < _
H16n+1g(4 z) 16mg4 Z T 16z g )y
1 < L iy

and all non-negative integers n and m with n > m. Therefore we conclude from (3.15) and (3.17)

that the sequence ﬁg(4 x)} is a Cauchy sequence in Y for all z € X. Since Y is complete, the
1
sequence Wg(él ac)} converges in Y for all x € X. So one can define the mapping B : X — Y
by
4n
B(z) = Tim 4% (3.18)

for all x € X. Letting m = 0 and passing the limit n — oo in (3.17) and applying Lemma 3.1, we
get (3.5). Now, we show that B is a quadratic mapping. It follows from (3.15),(3.16) and (3.18)
that

— i i n+1 _ 1 n
) - s, i [t - ]
— ; Y s o e n < M:
16nlin§o"16n+1g(4 ?) ~ 1gn 9 )H 16 lim === 0
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for all z € X. So
B(4z) = 16B(x) (3.19)

for all z € X. On the other hand it follows from (3.2), (3.4) and (3.18) that

HDB(m,y,z)HY :nlirlgo FHDQ (4"x, 4"y, 4" 2 HY
= lim —||Df (2(4™)z,2(4™ )y, 2(4™)z) — 16D f (4"x,4"y,4"2)||,,
< hm —HDf (4™(2z),4" (2y),4™(22))]ly + 16||Df(4 m74"y,4"z)||y

< lim 1£ [ (47 (22), 47 (29), 47(22)) + 16465 (4", 4™y, 47 2)] = 0
for all z,y,z € X. Hence the mapping B satisfies (1.6). So by Lemma 2.2, the mapping =
B(4x) — 256 B(z) is quadratic. Therefore (3.19) implies that the mapping B is quadratic.

To prove the uniqueness of B, let S : X — Y be another quadratic mapping satisfying (3.5). It
follows from (3.2) and (3.3) that

n n n _ pan n n _
nh_}rr;o FMI,(ZL z,4"y,4"z) = hm Z 6”’wb(4 z,4"y,4"2) =0, Vz,y,z€ X.
Hence hm 16” Yp(4"z) =0, Vz € X. So it follows from (3.5) and (3.18) that

HB(ﬂc) — S(z)H; = lim

n—o0o 16np
for all z € X. So B = S. Hence the theorem holds for j = 1.
Now, replacing = by Z in (3.14), we reach

Hg4:r 4ﬂch<K—hmwb(4x)—0
16?7 n—oo

llg(x) — 169( )< &,( ), VzelX. (3.20)

By Lemma 3.1 and the equations (3.2) and (3.3), we infer that
i x ; ne (LN _
;16 ¢r (41.) < oo, lim 16", (4n) -0, VreX. (3.21)

Replacing = by 4% in (3.20) and multiplying both sides of (3.20) to 16", we get

16" g (-2 —1”1H <167&,(- 22
16" g(m) — 16790, < 1676 (3:22)
for all x € X and all non-negative integers n. The rest of the proof is similar to that of j = 1.
Hence for j = —1 also the theorem holds. This completes the proof of the theorem. O

The following corollaries are immediate consequence of Theorem 3.2.

Corollary 3.3. Let v,r,s and t be nonnegative real numbers such that r,s and t are all # 2.
Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality

V?

vzl r>0,5=0,t=0;
IDf(z,y,2)lly < 4 vlylx r=0,5>0,t=0; (3.23)

vzl r=0,5=0,t>0;

v{llzll% +llyllx + ll1zI%}, r>0,s>0,t>0;
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for all x,y,z € X. Then there exists a unique quadratic mapping B : X — Y such that

Qp,
By(z), r>0,s=0,t=0;
|1 f(2z) —16f(x) — B(x)|ly < mw(z), 7=0,58>0,t=0; (3.24)

(z)
op(z), 7=0,5s=0,t>0;
(), 7>0,5>0,¢>0;

for allz € X, where

I

LI (3) K24 2000 4 [(3)" + ()" K
|167 — 1]

[16° — 477 ]

1
40\ [ 2P+ KP4 (5)" K| 7 el
1 |16P — 43| X

4»{1+K“(EVK%+@VK“}ﬂ

el and

() =K (?) {1+KP+ (;)pK2p+6pK3P}’l’ e
<
(

[167 — 4rt|
G(x) ={BE(x) +f(x) + 6 (2)}>  for allz € X.

Corollary 3.4. Let v > 0 and r,s,t which are all > 0 be real numbers such that A\ =r+ s+t # 2.
Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality

v (el =)
Df(z,y,2)|ly < e 3.25
1D @ 9,2l {uwwmwﬂm&+w&+mm+wm} (3.25)

for all x,y,z € X. Then there ezists a unique quadratic mapping B : X — Y such that

wmm—wﬂm—Bumys{“”% (3.26)

Tb(CC)

for all x € X, where

1
4> 2°° L KPP
—Ky(=—)J =T
po(z) =Kv (16) {|16P _4px|} Izl and
£ (@ "
_ (T P A

where my(x) = 2+ 27° 4+ 2P2 +4KP + 2 (5)7 K* 420 K% + [(3)" + (5)"] K*.

4 Stability of Eq. (1.6): Quartic Case
Theorem 4.1. Let j € {—1,1} and ¥a, My : X* — [0,00) be mappings such that

Pa (él"jx7 4y, 4”jz)

nll)nolo 257 =0, Vz,y,z€ X, and (4.1)
> Y (47, 47y, 47 2
My(z,y,2) = Z Y ( 256;02,;/ ) < oo, Vr,y,z€X. (4.2)
i=0
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Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality
||Df(CL‘,y,Z)HY 31/% (.’IL‘,y,Z)7 Vl’,y,ZEX (43)

Then there exists a unique quartic mapping D : X — 'Y such that

K~
1f(22) = 4f(z) = D(@)|ly < 55 [a(@)]

=

(4.4)
for all x € X, where

1 P
Ya(x) = My(z,2z,x) + KPMa(z, z,x) + (5) K* My(z,0, x)
1\* 51"
+ 20° K My(x,0,0) + (5> K" M4(0,,0) + (§> K*My(0,0,z),Vz € X.
Proof. Assume that j=1. Similar to the proof of Theorem 3.2, we have

[[f(8z) — 4f(4z) — 256 (2x) 4+ 1024f ()|, < &a() (4.5)

for all z € X, where

64(0) = Klbali,20,3) + Kvu(o,2) + ( 5 ) K*bul,0,)

+ 20K pq(x,0,0) + (%) K*4(0,2,0) + (g) K*4(0,0, )],V € X.

Let h: X — Y be a mapping defined by h(z) = f(2z) — 4f(z), then (4.5) means
[|h(4z) — 256h(x)|y < &a(x), Yz e X. (4.6)

By Lemma 3.1 and from (4.1) and (4.2) we infer that

o~ o (1) (')

Replacing z by 4™z in (4.6) and dividing both sides of (4.6) by 256" "', we get

1 1
R4 — 1"0)| < geraa” 4.
| g o) - ggehta o), < grgrtata™) (4.8)

for all x € X and all non-negative integers n. Since Y is a p—Banach space, we have

P

1 1 P ~ 1 ; 1 ;
R4 ) — — (4™ H < H R4 ) — — (4
H256n+1 (72) = ogm M4 ) y—_zm a5gir M4 ®) — g b

n

1 1 :
< b4 .
< 556 2 g (') (49)

1=m

for all z € X and all non-negative integers n and m with n > m. Therefore we conclude from (4.7)

1
d (4.9) that th {
and (4.9) that the sequence 56n

h(4nx)} is a Cauchy sequence in Y for all z € X. Since Y is
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complete, the sequence {%h@"m)} converges in Y for all x € X. So one can define the mapping
D:X =Y by

. h(d"x
D(w) = lim 2(56")

for all z € X. Letting m = 0 and passing the limit n — oo in (4.9) and applying Lemma 3.1, we
get (4.4). Now, we show that D is a quartic mapping. It follows from (4.7),(4.8) and (4.10) that

(4.10)

1
D(4x) — 256D 71mH 4“'H — 4" H
||D(4x) 56D(x)||y L 256" x) 256”*1}1( x)
1 &a (4”3@)
n+1 n < .
_7256"7256"“ h(4"" x) — 256"h(4 x)H nhm 2567 =0, Vx e X

So D(4z) = 256D(x), Vo € X. The rest of the proof is similar to the proof of the Theorem 3.2. [

The following corollaries are immediate consequence of Theorem 4.1.

Corollary 4.2. Let v,r,s and t be nonnegative real numbers such that r,s and t are all # 4.
Suppose that a mapping f: X — 'Y with f(0) = 0 satisfies the inequality (3.23) for all z,y,z € X.
Then there exists a unique quartic mapping D : X — 'Y such that

Qqd,
Ba(z), r>0,5s=0,t=0;
[f(2z) —4f(z) = D(@)|ly < { 7alz), r=0,5s>0,t=0; (4.11)
da(z), r=0,s=0,t>0;
Ca(z), 71 >0,5>0,t>0;

forallz € X, where

=

L+ K7+ (5)" K> 4+ 200K + [(3)" + (3)'] K“”}
Qg =

12567 — 1|

[\V]
[«

5 [2560 — 4|

4° P + KP 4 (l)P K4p %
55 )| s = B el

4t ) {1+KP (;)”K2p+(g)”K4p}3’|

=Kv

(@

=Kv ||| % and

fule) —Kv ( 4 ) {1+KP +(3)" K> +20PK3P};II:EIIEQ
(
(

[\V]
[«

2567 — 41|

Calw) ={B5(x) + 44 () + 84(x)} > for all z € X.

Corollary 4.3. Let v > 0 and r,s,t which are all > 0 be real numbers such that A\ =r+ s+t # 4.
Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (3.25) for all z,y,z € X.
Then there exists a unique quartic mapping D : X — 'Y such that

1f(22) - 47(x) - By < { MO e -
2P5 L K B N

pale) = (256) {|256p px‘} lzllx  and

() =k (555 ) { o} el or i€ x,

where ne(x) = 2+ 275 4+ 2P* + 4K? + 2 (3)" K* +20°K* + [(3)" + (5)"] K*.
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5 Stability of Eq. (1.6): Mixed Case
Theorem 5.1. Let j € {—1,1} and ¥, My, My : X3 — [0,00) be mappings such that

& (4™ 2, 4"y, 479 2) ) (42, 4"y, 4" z)

nh_)rréo 677 =0= nh—{EO SEGnT , (5.1)
NP (472,47 y, 47 2

My(z,y, 2) ZZ v 16pijy ) < o0 and
i=0
O PP (49 g, 4y 4%

My(z,y, 2) :Z ¥ ( 2561’in ) < oo, Vr,y,z€X. (5.2)

-
Il
o

Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality
IDf(z,y,2)lly <9 (2,y,2) (5.3)

for all z,y,z € X. Then there exist a unique quadratic mapping B : X — Y and a unique quartic
mapping D : X — 'Y such that

1£@) = B@) = D@y < 5o {165(@)]F + [al@)] } (5.4)

for all x € X, where 1&1,(3:) and ﬁd(a:) for all x € X are defined as in Theorems 3.2 and 4.1
respectively.

Proof. Let j = 1. By Theorems 3.2 and 4.1, there exist a quadratic mapping By : X — Y and a
quartic mapping Do : X — Y such that

If(22) — 16/(x) — Bo(@)lly < [u(@)]?  and

||Y = 16

17(22) = 4(2) = Do)l < 5z Fa(a)]?,

v\H

Vo e X.

Therefore it follows from the last two inequalities that

1 2 ~ 1 ~ 1
— < 1 .
7@+ 58000 = 35000 < g5 {66003 + Wt} v x
So we obtain (5.4) by letting B(z) = —15Bo(z) and D(z) = 5 Do(z),Vx € X. The rest of the
proof is similar to the proof of the Theorem 3.2. O

Theorem 5.2. Let j € {—1,1} and ¢, My, My : X3 — [0,00) be mappings such that

4™ g 4™y 4™ . . . _
L G T ) BTN 256™4p (4"%,4”@,4"];:), (5.5)

n—00 163 n—s 00

>, PP (4”:0, 44y, 4”2)

My(x,y, z) :Z T6rii < 00 and
=0

Ma(z,y,2) = 256”77 (4%74“@/, 4”@2) <oo  Vr,y,z€X. (5.6)
i=0

Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (5.3) for all x,y,z € X.
Then there exist a unique quadratic mapping B : X — Y and a unique quartic mapping D : X —'Y
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such that

2

|£(2) = B@) = D@)lly < 5o {165(@)]7 + [u(@)])? } (57)

for all x € X, where y(x) and a(z) for all x € X are defined as in Theorems 3.2 and 4.1
respectively.

Proof. The proof is similar to the proof of Theorem 5.1. O

Corollary 5.3. Let v,r, s and t be nonnegative real numbers such that r,s and t are all # 2 and 4.
Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (3.23) for all z,y,z € X.
Then there exist a unique quadratic mapping B : X — Y and a unique quartic mapping D : X — Y
such that

ap + Qd,
K Bo(x) + Ba(x), 7>0,8=0,t=0;
If(z) = B(z) = D(@)lly < 154 () +7a(z), r=0,s>0,t=0; (5.8)
0p(z) + da(z), r=0,s=0,t>0;
G(z

) (z)
)+ Ca(x), 7>0,8>0,t>0;
( (z)

x),0a(x), G (z) and Ca(x) are defined as
in Corollaries 3.3 and 4.2

Corollary 5.4. Let v > 0 and r, s,t which are all > 0 be real numbers such that A\ =1+ s+t # 2
and 4. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (3.25) for all
x,y,z € X. Then there exist a unique quadratic mapping B : X — Y and a unique quartic mapping
D: X —Y such that

@) = B) - D@y < 15 { 200 o) (59)

for all x € X, where py(x), pa(x), 7v(x), Ta(x) are defined as in Corollaries 3.4 and 4.3

6 Stability of Eq.(1.6) Using Various Substitutions

In this section, the Hyers-Ulam stability of (1.6) using various substitutions is investigated. The
proofs of the following theorems and corollaries are similar to that of the Theorems 3.2, 4.1, 5.1
and 5.2 and the corollaries 3.3, 3.4, 4.2, 4.3 and 5.3. Hence the details of the proofs are omitted.

Theorem 6.1. Let j € {—1,1} and ¢y, My : X* — [0,00) be mappings such that

¥y (3™ 2,3y, 3™ z2)

lim =0, Vz,y,z€ X and (6.1)
n— oo gnJy
> oy (37, 3y, 37 2)
Mb(mﬁ Y, Z) = Z 9pij <o (6'2)

for all x,y,z € X. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (3.4)
for all x,y,z € X. Then there exists a unique quadratic mapping B : X — Y such that
K.~ 1
If(2z) — 16f(x) — B(x)|ly < §[¢b(x)]fl’,wc € X, where, (6.3)

() =My (z, z, ) + K” (%) My(z,0,z) + K [41’Mb(x70,0) + (%)p Mb(0,0,ac)} Vz € X.
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Corollary 6.2. Let v,r,s and t be nonnegative real numbers such that r,s and t are all # 2.
Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (3.23) for all x,y,z € X.
Then there exists a unique quadratic mapping B : X — Y which satisfies the inequality (3.24) for
all x € X, where

P rop P 1\P 2p % r 1\P r-p P 2P %
:KV{1+(§) KP4+ [4° + (L)' K } ,Bb(x)zKu<3>{1+(é) KP + 47K } "

j9v — 1| 9 |9p — 3P7|

1 1
3 R 3\ [14 (37K + (2P K™ 7
Yo(x) = Kv (5) {W} )%, du(z) = Ku(g) { o 3 )l

and  Cp(z) = {BY(z) + i (x) + 6§(x)}% forallz e X.

Corollary 6.3. Let v > 0 and r,s,t which are all > 0 be real numbers such that A\ =r+ s+t # 2.
Suppose that a mapping f: X — 'Y with f(0) = 0 satisfies the inequality (3.25) for all z,y,z € X.
Then there exists a unique quadratic mapping B : X — Y which which satisfies the inequality (3.26)
for all x € X, where

o) =k () { g | 1oy ana

1
BN Ja+2G) K7+ 4"+ (B) T K77 s
To(z) =Kv <§> { 97— 3] lz|xy forallz e X.

Theorem 6.4. Let j € {—1,1} and va, My : X* — [0,00) be mappings such that

¢d (anm7 Snjy7 3njz)

nl;n;o g1 =0, and (6.4)
2, PP (39, 3%y, 31
Mg(z,y,2) = Z a STz ) < 0 (6.5)
i=0

for all x,y,z € X. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (4.3)
for all x,y,z € X. Then there ezists a unique quartic mapping D : X — Y such that

17(22) = 4 (@) = D@y < gy [WGa(e)}p, Vo€ X, where, (6.6)
Qﬁd(.’b) :Md(‘rvwa) + (é)pMd(‘r707x)Kp + [Md(:r7070) + (é)p Md(ovowr)}KQp fO'I‘ allz € X.

Corollary 6.5. Let v,r,s and t be nonnegative real numbers such that r,s and t are all # 4.
Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (3.23) for all x,y,z € X.
Then there exists a unique quartic mapping D : X — Y which satisfies the inequality (4.11) for all
xr € X, where

adzxy{”(2> K+ (5) ]K”}p, /zd<x>=Ky<3”){”(2) K”Kp}pmw(,

1817 — 1] 81 817 — 307

1
» s 3t L (D RP (LR
il ( ) {I81P 3 } el 0at) = KV(Sl){ (2)\811)_3;;(5) Il

and Ca(x) = {85 (x) +~(z) + & (= )}% forallx € X.
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Corollary 6.6. Letv > 0 andr,s and t which are all > 0 be real numbers such that A = r+s+t # 4.
Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (3.25) for all x,y,z € X.
Then there exists a unique quartic mapping D : X — Y which satisfies the inequality (4.12) for all
r € X, where

1
3 1 P
N AR S
pa(x) V<81>{|81p_3px|} Izl and

3A) {4+2(;)”KP+K2P+K2P

1
P
Ta(z) =Kv (ﬁ 17 — 3] } lz|x forallze X.

Theorem 6.7. Let j € {—1,1} and ¥, My, My : X* — [0,00) be mappings such that
w (gnjl,7 S"jy7 371]'2) w (3"]'337 3njy7 3njz)

nh_}rr;o 97 =0= n11_)11(010 17 (6.7)
2 PP (392,39y,3Y

My(z,y, z) = Z v oris Y ) < oo and
=0
>\ QP (37, 3y, 37 2

Ma(z,y,2) = e ( 81my ) 00, Vi,y,z € X. (6.8)

N
Il
o

Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (5.3) for all x,y,z € X.
Then there exist a unique quadratic mapping B : X — Y and a unique quartic mapping D : X —Y

such that
K? ~ 1 ~ 1
1£@) = B@) — D@l < 2 {0h(@)] + (o))} (69)
972
for all x € X, where ¢y(z) and ¥q4(x), for all z € X are defined as in Theorems 6.1 and 6.4
respectively.
Theorem 6.8. Let j € {—1,1} and ¥, My, My : X> — [0,00) be mappings such that
3™, 3"y, 3"
A i L)

n—oo gnj

= 0= lim 81" (3”%, 3"y, 3"%) (6.10)
n— o0

)P (S"jac, 3y, 3"jz)

My(x,y,z) = Z 9pi7 < 00, and
i=0

My(z,y, 2) :281’7”1#’7 (3nja:,3"jy,3”jzz) < oo, Vz,y,z€ X. (6.11)
i=0

Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (5.3) for all z,y,z € X.
Then there exist a unique quadratic mapping B : X — Y and a unique quartic mapping D : X — Y
such that

17@) = Be) = D@)ly < 5o {90u(@)] + [fa(a)] } (6.12)

for all x € X, where zﬁb(m) and d;d(a:) for all x € X are defined as in Theorems 3.2 and 4.1
respectively.

Corollary 6.9. Let v,r, s and t be nonnegative real numbers such that r,s and t are all # 2 and 4.
Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (3.23) for all x,y,z € X.
Then there exists a unique quadratic mapping B : X — Y and a unique quartic mapping D : X — Y
such that they satisfy the inequality (5.8) for all x € X, where aw,aa, Bb(z), Ba(z), v6(z),va(z),
0 (), 6a(z), G (x) and Ca(z) are defined as in Corollaries 6.2 and 6.5
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Corollary 6.10. Let v > 0 and r, s, t which are all > 0 be real numbers such that A\ =7+ s+t # 2
and 4. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (3.25) for all
x,y,z € X. Then there exists a unique quadratic mapping B : X — Y and a unique quartic mapping
D: X =Y such that they satisfy the inequality (5.9) for all x € X, where py(z), pa(z), 76(x), 7a(x)
are defined as in Corollaries 6.3 and 6.6

Theorem 6.11. Let j € {—1,1} and ¢y, My, : X® — [0,00) be mappings such that

i P (27w 27y, 22)

n—oo 4nJj

=0, Vz,y,z€ X, and (6.13)

Mb(it,y, Z) — Z ¢b ( Z, Y, Z)

=0

17 < oo, Vr,y,z€ X. (6.14)

Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (3.4) for all x,y,z € X.
Then there exists a unique quadratic mapping B : X — Y such that

1722) = 165 (z) = By < 5 (@) ¥ (6.15)

for all x € X, where

- 1\?

() = My(z,z,2) + (1) K” M, (2z,0,0) 4+ 3° K** My(z,0,z) + K** My(0,0,x) for allz € X.
Corollary 6.12. Let v > 0 and r,s and t which are all > 0 be real numbers such that r,s and t
are all # 2. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (3.23) for all

x,y,z € X. Then there exists a unique quadratic mapping B : X — Y which satisfies the inequality
(3.24) for allz € X, where

1 1
1+ lpKP+3pK2p+K2p P 9r 14 2P7 lpKP+3PK2P P .
o —Ku{ () o) = kv () ) el

|47 — 1] 4 [4p — 2v7]

1 1
2° 1 I 2°\ [1+3PK? 4+ K"\ »
i) =k () { g b el oo = o () { G e ana

4P
Co(z) ={BF (x) + 7P (z) + 6} (z )}p forallz e X.

Corollary 6.13. Letv > 0 and r,s,t which are all > 0 be real numbers such that A =r+ s+t # 2.
Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (3.25) for all x,y,z € X.
Then there exists a unique quadratic mapping B : X — Y which satisfies the inequality (3.26) for
all © € X, where

1
2 1 »
pu() KV( ){W} |zl%  and

4 4 27> NP KP 42.3P K% 4 K2 | P
o KV(4>{ < [4p — 2p2| 2]y, Vo€ X.

Theorem 6.14. Let j € {—1,1} and g, Mg : X* — [0,00) be mappings such that

Ya (2™, 2™y, 2™ 2)

nl;n;o 1677 =0, Vz,y,z€ X, and (6.16)
L (27, 27y,27 2
My(z,y,2) = va 16pijy ) <oo, Vz,y,z€ X. (6.17)

=0
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Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (4.3) for all x,y,z € X.
Then there exists a unique quartic mapping D : X — Y such that

1£22) ~ 45(2) = D@y < T lda(@)]

=

(6.18)

for all x € X, where
. P
Ya(x) = Ma(z,z,x) + (i) KPM4(22,0,0) + 3" K" My(z,0,z) + K** M4(0,0,z) for all z € X.

Corollary 6.15. Let v > 0 and r,s and t which are all > 0 be real numbers such that r,s and t
are all # 4. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (3.23) for all
x,y,z € X. Then there exists a unique quartic mapping D : X — Y which satisfies the inequality
(4.11) for allz € X, where

1 1
1+ (5)7 K? + 3P K 4+ K* | * "\ [ 14277 (§)7 KP4+ 37K | ”
ag =Kv (i) Bale) = Kv (2 ) : )
[16v — 1| 16 167 — 2v7|

1 1
B 2° 1 2 B 25\ [143°K* + K*\»
vi(z) =Kv (E) {W} 2% »da(z) = Kv (E) {W} =l and
Calz) ={B8(z) + 75 (x) + 5(x)}?  forallz € X.

Corollary 6.16. Let v > 0 and r, s,t which are all > 0 be real numbers such that A\ =r+ s+t # 4.
Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality (3.25) for all x,y,z € X.
Then there exists a unique quartic mapping D : X — Y which satisfies the inequality (4.12) for all
x € X, where

1
2* 1 Py
pa(z) =Kv (T6) {m} lzllx  and

2%) {4+2M (L) K? +2.3PK? + K%

(o) =

1
P
A
— V. X.
16 1167 — 207 }”x”X TEe

Theorem 6.17. Let j € {—1,1} and 4, My, My : X* — [0,00) be mappings such that

'(/) (2njx,2”jy,2"jz) w (2njm72njy72njz)

nl;rr;o yEY =0= TLILH;O 677 NVr,y,z € X, (6.19)
2O WP (21T g QN g, QT
My(z,y,2) :Z ¥i( milpij y,2"') < 00 and
i=0
20 WP (27 g QNI gy QT
My(z,y, 2) :Z Ll x{ﬁpijy, ?) < oo, Vm,y,z€X. (6.20)

Il
o

k3

Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (5.3) for all z,y,z € X.
Then there exist a unique quadratic mapping B : X — Y and a unique quartic mapping D : X — Y
such that

17@) = B@) ~ D@)lly < o {#0@]7 + Wa()

S =

} (6.21)

for all x € X, where 151,(96) and ﬁd(x) for all x € X are defined as in Theorems 6.1 and 6.4
respectively.
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Theorem 6.18. Letj € {—1,1} and ¥, My, My : X3 — [0,00) be mappings such that

QMg My, 2 . . _ _
fm LGB 2Y2) 164 (2“%,2”@,2”&) Vz,y,z € X, (6.22)

n—oo 4”j n—oo

PP (Qija:, 24y 24 z)

My(z,y,2) = 1017 < 0 and

e

o
Il
<}

Ma(z,y,2) =

v

I
o

k3

Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (5.3) for all z,y,z € X.
Then there exist a unique quadratic mapping B : X — Y and a unique quartic mapping D : X — Y
such that

17) = B@) ~ D@)lly < o {#@)]7 + Wa(@)? } (6.24)

for all x € X, where 1/;17(:&) and Jd(m) for all x € X are defined as in Theorems 6.11 and 6.1/
respectively.

Corollary 6.19. Let v > 0 and r,s and t which are all > 0 be real numbers such that r,s and t
are all # 2 and 4. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (3.23)
for all z,y,z € X. Then there exist a unique quadratic mapping B : X — Y and a unique quartic
mapping D : X — Y such that they satisfy the inequality (5.8) for all x € X, where aw, aa, Bv(x),
Ba(x), vo(z), va(z), 0p(x), da(z), Co(x) and (a(z) are defined as in Corollaries 6.12 and 6.15

Corollary 6.20. Letv > 0 andr, s and t which are all > 0 be real numbers such that A\ = r+s+t # 2
and 4. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the inequality (3.25) for all
x,y,z € X. Then there exist a unique quadratic mapping B : X — Y and a unique quartic mapping
D : X =Y such that they satisfy the inequality (5.9) for all x € X, where py(x), pa(x), 7o (x), Ta(x)
are defined as in Corollaries 6.13 and 6.16

7 Conclusion

In this paper, we proved the Hyers-Ulam stability of the quadratic-quartic functional equation (1.6)
in quasi-banach spaces.
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