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ABSTRACT

This paper is the study of approximation properties of differences of linear positive operators. Here
we have discussed quantitative estimates for the differences of Baskakov with Baskakov-Szasz
and Baskakov-Durrmeyer operators. Difference properties of Baskakov-Szasz and Baskakov-
Durrmeyer operators also have given. Finally, we obtain the quantitative estimate in terms of the
weighted modulus of smoothness for these operators.
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1. INTRODUCTION various

etc.

mathematicians. e.g. [1,2,3,4,5,6,7]

In the vyear 1953, Korovkin found the

most powerful and easiest criterion in order to
decide approximation process with linear
positive operators on continuous functions.
After that a considerable amount of research on
linear positive operators has been done by

In the recent years, the study on the difference of
linear positive operators is an active area of
research. Difference of summation integral type
operators was studied in the last few years. Such
problem was initiated by A. Lupas [8]. The
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operators involved are usually on continuous What we hope to achieve in this paper is the
functions defined on real intervals. Aral-lnoan- study of approximation properties of difference
Rasa [9], Acu et al. [10], V. Gupta [11], Gupta- on generalized Baskakov operator. First, we
Tachev [12] discovered some noteworthy results  recall classical Baskakov operators [13], which
on difference of such operators. for f € C[0, ) are defined as:

Ba(f,) = Bamo (" T T w1 4 0y mup (4). (L1)

We consider F, ,,, G,,,: E = R, where E is a subspace of C[0,~) having polynomials of degree up to
four. Following operators have been defined for the difference of operators

Mn(f' x) = z pn,an,u(f): L,(f,x) = Z pn,an,u(f)'
u=0 u=0

where F, ,,(eg) = Gy, (e) = 1.

We can define operators (1.1) as
Balf, %) = Tico Pra(Fau(F) = Tico Pra@f (3), (1.2)

where p,,, (x) is function having Baskakov basis and it is defined as py,,(x) = (n +3_ 1) x*(1+

xX)-n—u.

Notations: Throughout the present papers following notations are used df =F(e;), uf =
F(€1 - dFeo)k,k E N.

Operators Applied for Differences:
Baskakov-Szasz type operators: In [14] The Baskakov-Szasz type operators are defined as

Su(f, %) = n X0 0 Pau () Jy dna(®f (Ddt, (1.3)

e —nt(nt)u

u!

Pnu(x) is defined in (1.2) and q,,,,(t) =

Operators (1.3) can also be written as S,,(f, x) = Xq—o Pnu(X) G, (f)-

Baskakov-Durrmeyer type operators: These operators are defined as, see [15].

Dn(f' x) = z pn,u(x)Hn,u(f):

1 0 tu-1
where, H,,(f) = FnTD Js (1+t)n+u+1f(t)dt.

2. BASIC RESULTS

Here we establish some lemmas and propositions, which are useful for the proof of main theorems.

Proposition 1: Denoting F,,, (f) = f(%) such that F, ,,(e,) = 1, dfre := F, ,(e;) and considering ,ui"'“ =
Fou(e; — dfrueg)®, k € N, then we have

F,
’uzn.u = Iy (e, — an'ueO)z =0

Fnu
u, = Fn,u(el - dF"'“eo)4 =0.
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Proposition 2: Let f € Cz[0,),r = 0,1,2. Let x € [0, =), then for n € N, we get

||f | (f

|(Mp, — L) f ()] < 5y (0) + ———= %) (1+7y(®) + 20(f, 82,

where, y(x) = X;- Opnu(x)( S gn,u)

Fnu Gnu 00
and 51 Zu Opnu(x) ( +u, ): 622 = Zu:o pn,u(x)(an'u - dGn'u)z-
Cg[0, ») denotes the class of continuous and bounded functions defined for x > 0,

Il = sup |f(x)| < .
X€[0,%)

Lemma 1: Some moments of the operators discussed in (1.2) are as follows:

(i) B,(ep,x) =1,
(i) B,(e1,x) = x,
(i) Buepx) =%+

n

)

. x . 3m+1)x? | (n+1)(n+2)x3
(V) Bples,x) = 5+t 4 TEUTIDE

x | 7m+D)x?%  e(m+1)(n+2)x3 | (n+1)(n+2)(n+3)x*
V) Bulewx)=+——+— 55—+ - :

Recurrence relation for above moments is given as:
Bu(ems1,X) = X2 By (e, X) + By (e, X).
3. DIFFERENCE BETWEEN THE OPERATORS

In this section, we allocate quantifiable estimations for difference of Baskakov operators with
Baskakov-Szasz type operators, Baskakov operators with Baskakov-Durrmeyer operators and with
Baskakov-Szasz operators with Baskakov-Durrmeyer operators.

Proposition 3: By simple calculations as e, (t) = t*, where k € N’, we obtain

o (u+k)!
Gn,u(ek) = fo Qn,u(t)tkdt = Z!nk :

+1
Hence d®nv = Gy, (e;) ==

and uS™ = Gy (g — d%eg)? = Gy, x) + (M2) = 26,0001, 2) (42)
_ (u+2)(u+1)_<u+1) :(u+1)

n2 n n2

Gnu 2
also 1™ = Gy u(ey — dnueg)* = Gy (eq, X) — 4Gy, (€5, ) (““)+6Gnu(e2,x> (=)
3

u+1
_4Gn,u(el: x) (T) + Gnu(eo' x) (

_(u+4)(u+3)(u+2)(u+1) (u+3)(u+2)(u+1) u+1 (u+2)(u+1) u+ 1\?
h n* n3 < ) ( )

()

u+1)

n2 n
(u+1)4 _ 3(u+4u+3)

n n*
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Theorem 1: (Difference between Baskakov-Szasz operators and Baskakov operators)

Let £ € Cz[0,%),r = 0,1,2. Let 0 < x < =, then for any natural number n, we get

|If [ (f

1(Sn = B f ()] = =— .51) (1+y() +20(f, 8,(x)),

nx+1 3x2n(n+1)+15nx+9
I} 61( ) -

where, y(x) = —~ —~ , 02(x) ==

Proof: Following propositions 1, 2 and 3 and also using Lemma 1, we have

V@ = D P (1 + 1) = ) L2
u=0

nx+1

1 - 1
= _Bn(el'x) +_2 =

nz '

61(x)—zpnu(x) )

Gnu _ 3x*n(n+1) +15nx +9
z pnu( ) = e

53(x) = Z P (O (e — d6ny?
=0
u u+1p? 1
= 2@ =
u=0

Collecting above estimates, we get required result.

(u+r-1)!(n-k)!

Proposition 4: By simple calculations with e, (t) = t*,k € N°, we obtain Hy () = r—y

Hence dn = H,, (e;) = .
Hpu u Uy 2
1™ = Hy(eg = dmieg)? = Hyy(e;) = 2Hnu (1) (5) + Huleo) ()
_ u(u+l) (E)Z _ u(u+n)

T n2-n n) ~ n2(n-1)

Hnu 2
and My = n,u(el - dHn'ueo)4 = Hn,u(e4rx) - 4Hn,u(e3» x) (%) + 6H"'u(ez'x) (%)

U3 Us 4
_4Hn,u(elr x) (E) + Hn,u(e():x) (E)
u+3)w+2)u+u w+2)(u+Du u (u+ Du u\?
- nn—1n - 2)(n -3) B 4n(n —1D(n-2) (_) + 6n(n -1 (5)
_4 (%) (%)3 n (E) _ 3(@w*(n+6)+2nud(n+6)+n?u?(n+8)+2ns u)

n*(n-1)(n-2)(n-3)
Theorem 2: (Difference between Baskakov-Durrmeyer operators and Baskakov operators)

n

Let £ € C3[0,%),r = 0,1,2. Let 0 < x < <, then for any natural number n, we get

|If | (f

|(Dp = BIf ()| < S5y () + ———= %) (1+yW),

(n+1)x(1+x)

myo— and

where, y(x) =
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3x(x+1D(n+1)
n—3)(n—-2)(n—1)n3
+ 1)].

X) = nx(x + +n x“+ 11x + +n x“+ 36x+7)+ 6(6x° + 6X
512( [3( 1) 2(112 11 3) (362 36 7) 6(6x2+6

Proof: Using Propositions 1, 3 and Lemma 1, we have the following:

Fou Hnu _x(n+1)(n+2)
y(x) = anu(x) )_W

. Hnu 3x(x+1D(n+1)
62(3‘) = Z pnu(x) Myt Z pnu(x)n“zx - n—-3)(n—-2)(n—1)n3

[n3x(x + 1) +n2(11x2 +11x +3) + n(36x +36x +7) + 6(6x% + 6x + 1)].

Subsequent to proposition 2, we get the result.

Theorem 3: (Difference between Baskakov-Szasz operators and Baskakov-Durrmeyer
operators)

Let f™ € Cy[0,«),r = 0,1,2.Let 0 < x < =, then for any natural number n, we get

||f I (f

1(Sn = Df ()] < =y (1) +—— 1)(1+)/(X))+2w(f 8,(x)),

Where ]/(X) nx+1+x(1+x)(n+1),

(n—-1)n
5 (x) _ 3x2 n(n+1)+15nx+9n 3x(x+1)(n+1)
i =
6(6x2+6x+1), J22x=1Inz.

3 2 2 2
s DS [Px(x + 1) + n*(11x* 4+ 11x + 3) + n(36x* +36x + 7) +

Proof: According to Lemma 1, Propositions 2, 3 and 4, we have:

y(x) = z P () (S 4 ) = B 1, xd+0mt1)

2 n2 (n—1n

87 (x) = z PO (g™ + ™) = 3x"n(n + 1)1; 15nx + 9n
3x(x +DH(n+1)
n-3)n-2)@n- D

S2(x) = Tinzo P (x) (dCnne — dlnu)? = —

[n3x(x + 1) + n?(11x2% + 11x + 3) + n(36x2 + 36x + 7) + 6(6x? + 6x + 1)]

Combining the estimates and according to COMPETING INTERESTS
proposition 2, we get the result.

Author has declared that no competing interests
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