British Journal of Mathematics & Computer Science
9(2): 141-159, 2015, Article no.BJMCS.2015.193
ISSN: 2231-0851

SCIENCEDOMAIN international

www.sciencedomain.org SCIENCEDOMAIN

On Some Banach Sequence Spaces Derived by a New
Band Matrix

Emrah Evren Kara' and Merve Ilkhan2*

! Duzce University, Department of Mathematics, Diizce, Turkey.

Article Information

DOLI: 10.9734/BJMCS/2015/17499

Editor(s):

(1) Kewen Zhao, Institute of Applied Mathematics and Information Sciences, Department of
Mathematics, University of Qiongzhou, Sanya, P.R. China.

Reviewers:

(1) G. Y. Sheu, Accounting and Information Systems, Chang-Jung Christian University, Tainan,
Taiwan.

(2) Mehmet engnl, Mathematics, Nevehir HBV University, Turkey.

(3) Ouz Our, Mathematics, Giresun University, Turkey.

Complete Peer review History:
http://www.sciencedomain.org/review-history.php?iid=1143&id=6&aid=9337

Original Research Article

Received: 17 March 2015
Accepted: 16 April 2015
Published: 21 May 2015

Abstract

In this paper, we define the band matrix T' = (¢n) by

tn , k=n
tnk = _% 3 k=n-1
0 , k>nor0<k<n-—1,

where t, > 0 for all n € N and (t,) € c\co. By using the matrix T, we introduce the sequence
space £p(T) for 1 < p < oo. Also, we give some inclusion theorems related to this space and
find the a-, 8-, 7- duals of the space £,(T). Lastly, we investigate the necessary and sufficient
conditions for an infinite matrix to be in the classes ({,(T"), ) or (X, £p(T")) and give the norm of

the operators in B(€,(T), u(S)), where A € {1, co,¢, 0o} and pu € {l1,0s0}.
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1 Introduction and Preliminaries

Let w be the space of all real or complex valued sequences. We shall write sup, and ), instead
of supycy and »_p7 ), respectively, where N = {0,1,2,...}. Also, if z = (zx)72y € w, we simply
denote it by & = (z). Further, e = (1,1,...) and e® is the sequence whose kth term is 1 and the
other terms are 0, that is, e = (eék),egk), ...,e](ck), ...) =(0,0,...,1,...). Any vector subspace of w
is called a sequence space. By ¢, ¢, co and £, (1 < p < c0), we denote the spaces of all bounded,
convergent, null sequences and p—absolutely convergent series, respectively.

A sequence space A with a linear topology is called a K-space provided each of the maps p, : A = C
defined by p,(z) = z, is continuous for all n € N, where C is the set of all complex numbers. If a
K-space A is a complete linear metric space, it is called an F'K-space. A normed F'K-space is called
a BK-space, that is, a BK-space is a Banach sequence space. For example, the sequence space
ls is a BK-space with the norm given by ||z||¢.. = supy |zx|. Further, £, is a complete p—normed
space and a BK-space in the cases of 0 < p < 1 and 1 < p < oo with respect to the usual p-norm
and /,-norm defined by

[2lle, = lzkl” (0<p<1)
k

1/p
lzlle, = (Z Iwk|p> (1<p<o0),
k

and

respectively.

Let A and u be sequence spaces and A = (anx) be an infinite matrix of real or complex numbers
ank, where n, k € N. Then A gives a matrix transformation from A into p and we write A : A — p if
for every sequence x = (x1) € A, the sequence Az = (A, (z)), the A—transform of z, is in p, where

An(z) = Zankxk (n €N). (1.1)
k

By (X, u), we denote the class of all infinite matrices that map X into u. Hence A € (A, u) if
and only if the series on the right side of (1.1) converges for each n € N and every = € A, and
Az € p for all z € A If A and p are any two Banach spaces, then B(A,u) denotes the set
of all bounded linear operators from A into p. The operator norm of A € B(\, p) is given by
[All = sup{[[Az[|, : = € A, [lz]]x < 1}

Let A\ be a sequence space. Then the matrixz domain Aa of an infinite matrix A is defined by
Aa ={z=(zx) Ew: Az € A}
which is also a sequence space.

In the literature, there are many papers related to new sequence spaces constructed by means of
the matrix domain of a special triangle. See, for example [1,2,3,4,5,6,7,8]. For more details about
matrix domains of triangles, one can see [9].

A sequence (by,) in normed space A is called a Schauder basis for X if for every x € X there is a
unique sequence (o) of scalars such that © = > anby, ie.,

m
lim |z — Za"b”H =0.
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By ¢so, ¢s and bs, we denote the set of all convergent to zero, convergent and bounded series,
respectively, that is, cso = {z = (zx) € w : (X}, xk)zozo € e}, s = {z = (z1) € w:
o e)nzo € ¢} and bs = {z = (zx) € w : (37 o Tk)neo € Lo}, and we define the norm
on cso, cs and bs by ||zlcsy = [|@]lcs = ||@[les = sup,, |>p_o @x|. Let X and p be subsets of w. For
all 2 € w, we write 27 ' * u = {z € w:xz = (zr2) € u}. Theset Z = M(\, 1) = Nperx™ " % pu =
{a € w:ax € pfor all z € A} is called the multiplier space of A and u. In the special case, where
@ ="{1, p = cs or u = bs, the multiplier spaces \* = M(\, £1), \? = M(), ¢cs) and XY = M()\, bs)
are called the a-, 8- and - duals of .

Throughout this paper, we assume that p,q > 1 with % + % = 1 and denote the collection of all
finite subsets of N by F.

The difference operator A : w — w is defined by Az = (Azy) = (zx — zkp—1) or Az = (Axg) =
(zk—1 — xx) for all x = (zx) € w. The matrix domain Aa is called the difference sequence space
whenever X is a sequence space. Firstly, the notion of difference sequence spaces was defined by
Kizmaz [10] as

AMA) ={z = (zr) Ew: (Tp—1 — xk) € A}

for A = le,c and co. After Kizmaz [10], Et and Colak [11] defined the generalized difference
sequence spaces

loo(A™) ={z = (z) Ew: ATz € .},
c(A™) ={z=(ay) Ew: ATz € ¢}

and

co(A™) ={x = (ar) Ew: ATz € o},
where m € N, A"z = (A™xy) = (A™ ‘o, — A™ '2541) and so that

ATz = 3 (1) ( ’;‘ ):m
The difference space
bvp ={z = (2x) Ew: (zx —zk—1) €L} (0<p < 00)
was studied by Altay and Bagar [12] for 0 < p < 1 and in the case 1 < p < oo Bagar and Altay [13],
and Colak et al [14]. Recently, for A € {{p,co,¢,lc} (1 < p < 0), Kirisci and Basar [6] introduced
the generalized difference sequence space
A= {z = (z):€w: B(r,s)z = (B(r,s)x)x) € A},

where B(r, s)x is the sequence defined by (B(r, s)x)r = ray + sxr—1 for all k € N and r, s € R\{0}.
Quite recently, the sequence space

AB) ={z = (zr) €w: B(r,s,t)xr = ((B(r,s,t)x)r) € A}

was studied by Sonmez [15], where (B(r, s, t)z)r = ror + str—1 + txk—2 for all k € N and r,s,t €

R\{0}.
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In [16], the Fibonacci band matrix F' = (f,) was defined by

A B k=nod
fnk: fv{il y k=n
0 , 0<k<n—-lork>n

for all k,n € N, where f, is the nth Fibonacci number (n € N). Also, in [16 | the Fibonacci
difference sequence spaces introduced as follows:

gp(ﬁ):{x:(fﬂn)euﬂz ffn ZCn*f;TLl n—1p<00} (1<p<o0)
n n+1 n
and
loo(F) = {x = (zn) Ew: sup ffilxn - f}zlxn_1 < oo},

where Fz is the F-transform of a sequence z = (z,,).

Candan [17] defined the sequential generalized difference matrix B(7,s) = {bnx(7,5)} by

™ , k=mn
bnk(?7g): Sn ) k=n-1
0 , 0<k<n—lork>n

for all n,k € N, where 7 = (r,) and § = (s,) are convergent sequences of positive real numbers.
Moreover, Candan [17] introduced the sequence space

A= {z = (zx) €w: B35z = (B(F,5)z)r) € A},

where (B(7,8)x)r = Sk—1Zk—1 + rrxx for all k € N, X € {€, ¢, c0,4p} and 1 < p < co. Further in
[18,19,20,21,22,23,24,25], several authors defined and studied some new difference sequence spaces.

The paper is organized so that this section is followed by three sections. In Section 2 we define a
new band matrix and introduce the sequence spaces ¢, (T) and o (T"), where 1 < p < co. We prove
that £,(T") and £ (T') are Banach spaces with respect to the norm defined on these spaces. Further,
we establish some inclusion theorems related to the space ¢,(T), where 1 < p < co. In section 3 we
determine the a-, 8-, 7- duals of the space ¢,(T) for 1 < p < co. In the last section we characterize
the classes (€,(T),A) and (X, £,(T)) for A € {£1,co,¢,fs} and also give the norm of an operator
in the class (€,(T"), u(S)) for p € {€1,€o0}, where S is the band matrix having the same properties
with T"and 1 < p < o0.

2 The Difference Sequence Space /,(1')

In the present section, we define a new band matrix 7" and introduce the difference sequence space
£, (T) by using this matrix, where 1 < p < co. Also, we present some theorems which give inclusion
relations corcerning this space.

Let t, > 0 for all n € N and t = (t,,) € c\co. We define the band matrix T' = (tnx) by

tn , k=n
tak =% —¢ , k=n-1
0 , E>nor0<k<n—1.
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One can easily derive that the inverse T~ = (gnx) of the band matrix T is given by

for all k,n € N.

Now, we introduce the difference sequence spaces £,(T") and ¢ (1) by

£,(T) = {x— (xn) Ew: Z

n

1
tnTn — axn—l

p<oo} (1<p<o0)

<o}

As the notation of matrix domain, the sequence spaces £,(T) and ¢ (T") may be represented by

and

1
tnTn — —Tn—1

Loo(T) = {x:(xn) Ew:sgp i

G(T) = (6)r (1<p<o0) and luo(T) = (Loo)r.

The space £,(T") is more general and more comprehensive than the spaces Kp(ﬁ ) and bvy, that is

£,(T) contains both of them, where 1 < p < co. Let ¢, = ffil (n € N), then T is the Fibonacci

band matrix F and let (tn) = e, then T is the difference matrix A. On the other hand, the space
£,(T) is not a special case of the space 6y = (¢p) B(7,5) defined by Candan [17]. To put it more
explicitly, if we take t; and —1/t; instead of ry and si_1, respectively, this contradicts the fact that
sk > 0 for all kK € N.

We will frequently use the sequence y = (y») for the T-transform of a sequence z = (x,), that is,

to:L‘o ) n =
1
tnmn . Tn—1 3 n Z 1

Yn = Th(z) = { (n € N). (2.1)

Theorem 2.1. Let 1 <p < oco. Then £,(T) is a Banach space with the norm ||z|l¢, (1) = |TZ|le,,
that is,

1/p
(Sm@r) " rsr<s
[le, () = n
sup | T ()] , p=o0.

Proof. Suppose that ||z||s, () = 0. Then, ||Tz|l,, = 0 and since ||.||¢, is a norm we have Tz = 6.
Since T is invertible, we have x = 6.

Let a € C and = € £,(T"). Then,

lelle, ) = IT(ax)lle, = [[oTxlle,

= | Tzlle, = [ell|z]le, ()
Lastly, for z, z € £,(T") we have

[z + zlle, (1) = [T(2 + 2)lle, = 1Tz + Tzlle,
< Tzlle, +1T=lle, = llzlle, () + [I2lle, ()
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and so the triangle inequality holds.

Hence, (£,(T), |||le, (1)) is @ normed sequence space for 1 < p < co. To prove that £,(T') is a Banach
space, let (z,) be a Cauchy sequece in £,(T). Then, (y,) is a sequence in ¢,. Clearly,

20 = zmlle, () = 1T (@0 = Zm)lle,
= Tzn = Txmlle, = llyn = ymlle,

that is, (yn) is a Cauchy sequence in £,. Since (£;,||.|l¢,) is a Banach space, there exists y € £, such
that lim, oo yn =y in £p. Since x = Tfly, we have

Jim 20 = lle,(r) = lim ([T (zn —2)[le,
= lim ||Tzn —Txll¢, = im |lyn —ylle, = 0.
n—oo n—ro0
This means that limp— e n = x in €,(T"), where = € ¢,(T). The proof is completed.
Remark 2.2. [t is clear that £,(T) is a BK-space for 1 < p < co.

Theorem 2.3. The difference sequence space £,(T) is linearly isomorphic to the space €y, that is,
£p(T) = 4y for 1 < p < oo.

Proof. We must show that there exists a linear bijection between the spaces £,(T) and ¢, for
1 < p < c0. Let T be the transformation defined from ¢,(T") to £, by x — y = Tx = (Tn(x)). Then,
we have Tx =y € £, for every x € £,(T). It is clear that T is a linear transformation. Also, it is
obvious that x = 6 whenever Tx = 0 and so that T is injective.

Furthermore, let y = (yn) € £, be given for 1 < p < co and define the sequence x = (z,,) as follows:

n n

Ty = Z H t% Tk Yk (n € N) (2.2)

k=0 \j=k J

Then, by combining (2.1) and (2.2), we get for every n € N

1
Th(x) = thtn — T Tn-1

n n 1 n—1 [fn—1
=tn H 2 teyr — i Z H 2 tEYk
k=0 \j=k 7 " k=0 \j=k J

This means that Tx = y. Since y € £,, we have Tz € £,. Thus, we conclude that = € £,(T") for any
y € £,. Hence T is surjective.

Since ||z[l¢, 7y = | Tz|¢, for any = € £,(T), we have

ylle, = [ITlle, = [zl ()

which shows that T preserves the norm, where 1 < p < oco. Hence, T is an isometry. As a
consequence, the spaces ¢,(7T") and ¢, are isometrically isomorphic for 1 < p < co. This completes
the proof.

It is known that the space £, is not a Hilbert space with p # 2. The similar result is valid for the
space £,(T) and the following theorem gives this result.
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Theorem 2.4. The space €,(T) is not an inner product space in the case p # 2. Hence, £,(T) 1is
not a Hilbert space for 1 < p < oo and p # 2.

Proof. We must show that the space ¢2(T) is a Hilbert space while £,(T") is not a Hilbert space for
p # 2. By Theorem 2.1, we know that £2(T) is a Banach space with the norm ||z||s, (1) = [|TZ]|¢,
and its norm can be obtained as follows:

1/2 1/2
|2l epery = (@, 24l iry = (T, Ta),[* = | Ta|le,

for every x € 2(T"). Hence ¢2(T) is a Hilbert space.
Consider the sequences

% , n=0
= (u,) = n N
B NCRE) | R ES B
i=1 1
and L
= . , n=0
’U—(Un)— (7t1+%)1—[t% 7 n>1 (nGN).
i=1 1

With the T-transforms of u and v, we have the following sequences
Tu=(1,1,0,0,...) and Tv = (1,-1,0,0,...).
Also, it is easy to see that

llu+vllZ, () + llu—vll7, ) =8 # 4(2°/7) = 2(|ullz, ) + I0lZ, 1))

for p # 2. This means that the parallelogram equality cannot be satisfied by the norm of the space
£,(T) for p # 2. Therefore, this norm cannot be obtained from an inner product. Hence, the space
£,(T) with p # 2 is a Banach space but it is not a Hilbert space, where 1 < p < oo. The proof is
completed.

Remark 2.5. Obuviously, the space s (T) is also a Banach space but it is not a Hilbert space.

Before giving some inclusion relations concerning the space ¢, (7)), we give a lemma which is
necessary to show that some inclusions strictly hold.

Lemma 2.6. [[26] Theorem 3. page 219]inf.pro] A product I], (1 + an) with positive terms ay is
convergent if and only if the series ), an converges.

Now, we present the inclusion relations concerning the space £,(T).

Theorem 2.7. The inclusion £,(T) C £q(T') strictly holds for 1 < p < q < co.

Proof. Let 1 < p < q < oco. If z is any sequence in £,(T'), then its T-transform Tz is in £,. Since
the inclusion £, C £4 holds, T'z is also in £,. Hence x € ¢,(T") which means that ¢,(T") C £,(T). To
show that the inclusion is strict, consider a sequence z = (z,) € {4 but not in £,, i.e., € Ly\lp.
From the fact that the inclusion ¢, C £, is strict, the existence of z € ¢;\{, is clear. Let define the
sequence y = (yYn) in terms of the sequence z as follows:

n n

1
yn:Z H? tLxk (’I’LEN).
k=0 \j=k ]
Then, it is clear that
Ta(y) = zn
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for every n € N. This shows that Ty = = and since = € {4\¢p, we have Ty € £,\¢,. Hence, the
sequence y must be in £,(T) but cannot be in ¢,(T'), that is, the inclusion £,(T") C £4(T) is strict.
The proof is completed.

Theorem 2.8. The inclusion £,(T) C loo(T') strictly holds for 1 < p < oco.

Proof. If x € £,(T), then Tz € £,. Since £, C foo, Tx € £oo. Hence, & € loo(T") which shows that
£p(T) C £oo(T). To show that this inclusion is strict, we define the sequence y = (y») by

n

ynzz tkHtQ TLGN.

k=0 i=k

Then, we have for every n € N that

n n—1 n—1 1
y)Ith::( tknctg—jkzﬂ—l)ktkgg
n—1 1 n—1 n—1 1
th 2—}—th tkHtQ—fZ(_l)ktkHt—Q
i=n 5 k=0 i=k tn k=0 i=k
n—1 n 1 1 n—1 1
S et (ufTh - LTTE)
k=0 i=k "=k

=(-1"
Then, Ty € £ \lp since ((—1)") € £ but not in £,. Thus, y is in £oo(T") but not in £,(7") which
means that the inclusion £,(T") C €oo(T) strictly holds. The proof is completed.

Theorem 2.9. The inclusion £, C €,(T) strictly holds, where 1 < p < co.

Proof. To prove that the inclusion ¢, C £,(T) holds for 1 < p < oo, it is sufficient to show that
there exists a number M > 0 such that ||z||, ) < M||z|le, for any x € £,.

Let z € £, and 1 < p < oo. (i) € c\co since (tn) € c\co. Then, there exist K, L > 0 such that

t, < K and i < L for all n € N. Thus, we have

1/p
Zlle, (1) = (Z Tn(«’r)|p>

(s

n

tnTn —

)

o) (e

n

) 1/p
() )

= (K + L)zlle,

and

1
tnmn — — Tn-1
ln

€]l e (1) = sup | Tn(2)| = sup

< (K 4+ L)sup |zn| = (K + L)||z||ew, -
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If we define M = K + L, it yields the desired result, that is, ||z|l¢, ) < M|zle, for 1 <p < co. To
prove that the inclusion is strict:

)If0<t, <1forallneN;
For 1 < p < oo, the sequence = = (H?:l t%) ¢ ), since 1/t; > 1. Clearly, Tz = (t0,0,0,...) €
Ly. Thus z € £,(T).

Let t; = (/77 < 1 for all i € N. Then, ;5 = 1+

1=

By Lemma 2.6, [[{2, & is not

2
i

N

convergent since > o, + is not convergent. Hence, z = ([]}_, t%)oo ) ¢ (. It follows that
Tz = (t0,0,0,...) € bs and so x € Loo(T). "

ii) If t, =1foralln € N;

In this case,

To(z) =2n — Tn-1

for all n € N. For 1 < p < oo, consider the sequence x = e which is clearly not in ¢,. But,
Tz = (1,0,0,...) € £p, that is, z € £,(T).

Now, let x = (n 4+ 1). Obviously, x is not in fo but Tz = e € fox which means x € £oo(T).

iii) If ¢, > 1 for all n € N;

Let t, = M > 1 for all n > 1 and assume that p = 1. If we choose z = (n%rl) ¢ (1, then

n

Tz = (ﬁ) € ¢1. Hence, z € £1(T).

Let t, = 2L > 1 for all n > 1 and choose z = (n). Then, & ¢ lo but Tz = (22H) € /, and so

n

z € Loo(T).

As a result, there exists € £,(T)\fp. Thus, we conclude that the inclusion ¢, C £,(T) strictly
holds for 1 < p < co. The proof is completed.

Theorem 2.10. Neither of the spaces bos and €p(T') includes the other one, where 1 < p < co.

Proof. Fort; = 4/ #17 consider the sequence x = (H?zl t%) which is not in . However, « € £,(T)

since Tz = (to, 0,0, ...) € £,. Now, consider the sequence z = ((—1)") in £. Thus,

n@=1 oy Ll men.
)" (tatE) L w1

Clearly, for all n € N, ‘(—1)” (tn + i)’ > 1 which implies that the series > |Tn(x)[? is not

convergent, where 1 < p < co. Hence, x ¢ ¢,(T"). We conclude that neither of the spaces includes
the other.

3 The a-, - and y-duals of the Space /(,(T')

In this section, we determine the a-, 8- and y-duals of the sequence space £,(T"), where 1 < p < oo.
Also, we give a sequence of the points of the space £,(T") which forms a basis for this space.

The following known results [27] and [28] are fundamental for our investigation.

Lemma 3.1. Let 1 < p < oco. The following statements hold:
(a) A= (ank) € (bp, L) if and only if

supZ|ank\q < 0. (3.1)
n
k
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(b) A = (ank) € (p,c) if and only if (3.1) holds and

lim anr exists for all k € N. (3.2)

n— oo
(¢) A= (ank) € (p,co) if and only if (3.1) holds and
lim anr =0 for all k € N. (3.3)
n— oo

(d) A = (ank) € (bp, 1) if and only if

q
;lél;; nezKank < oo. (3.4)
Lemma 3.2. The following statements hold:
(a) A = (ank) € (01,45) if and only if
sup |ank| < oo. (3.5)

n,k
(b) A= (ank) € (£1,¢) if and only if (3.2) and (3.5)
(c) A= (ank) € ({1,c0) if and only if (3.3) and (3.5)
(d) A = (ank) € (€1,¢1) if and only if
sgp; |ank| < 0. (3.6)

Lemma 3.3. The following statements hold:

(a) A= (ank) € (lso, o) if and only if (3.1) holds with ¢ = 1.
(b) A= (ank) € ({o, ) if and only if (3.2) holds and

Jm 3] =3 Jim
(c) A = (ank) € (loo, co) if and only if (3.3) holds and
nan;o; |ank| = 0. (3.8)

(d) A = (ank) € (Uss,t1) if and only if (3.4) holds with ¢ = 1.

. (3.7)

Now, we give two lemmas which are required to determine the a—, - and y-duals of the space
£, (T), where 1 < p < co.

Lemma 3.4. Let a = (a,) € w and the matriz B = (byy) be defined by By, = anT,, *, that is,

b — 0 , kE>n
T ngnr , 0<k<n

for all k,n € N. Then, a € ({,(T))* if and only if B € (£p, 1), where 1 < p < oco.
Proof. Let y be the T-transform of a sequence z = (z,,) € w. Then, we have
AnTn = anTn_l(y) = B"(y)

for all n € N. Thus, we obtain from this equality that az = (anzy) € €1 with ¢ € £,(T) if and only
if By € £ with y € £,. This implies that a € (£,(T))* if and only if B € (€p,¢1). The proof is
completed.
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Lemma 3.5. [[29] Theorem 3.1]al-b2] Let C' = (cni) be defined via a sequence a = (ax) € w and
the inverse matriz V = (vnk) of the triangle matriz U = (unk) by

0 , k>n
Cnk = { Yikaivie » 0<k<n
for all k,n € N. Then,
(E(U)) = {a = (ar) €w: C € (b, L)},
((U)” = {a = (ar) €w: C € (tp,0)},
where 1 < p < oo.

Combining Lemmas 3.1-3.5 we have;

Corollary 3.6. Let the sets (fl, Jg, Eig, di;,d} and dg be defined as follows:

q
n

d={a=(ax)€cw: supzz tkHtIQ an| <00p,

Ker neK j=k J
~ > J
do =< a=(ax) € Z( H >ajem'stsforeachk€N ,
j=k i=k
q
dAg: a— Ew sup ZZ(“HQ) a; s
"k k i=k

n

dy = a:(ak)ew:nli)n;oz Z(

k=0 |j=k

sM‘H

e zi(ﬂ) <ol

k |i=k

I,

%

| —

n
ds = a:(ak)ew:supz tr 2 an| < 00
k n j=k J
and
n J 1
de = ¢ a = (ax) € w:sup (tk tz)aj < 0o
LN o i—k i

Then, the following statements hold:

(a) (6,(T))* = d1 and (£1(T))* = ds, where 1 < p < co.
(b) (£p,(T))? = d2Nds, (loo(T))? = dz2 N da and (£1(T))? = do N ds, where 1 < p < 0.
(¢) (Lp(T))" =ds and (41(T))" = ds, where 1 < p < occ.

Now, we give the Schauder basis of the space £,(T) (1 < p < c0).
Theorem 3.7. Let 1 < p < oo and define the sequence ¢®) e £,(T) for every fized k € N by

0 , n<k
(™), = W s L nzk (EN. (3.9)
': J

Then the sequence (c(k>) is a basis for the space £,(T'), and every x € £,(T) has a unique representation

of the form
T = ZTk (z)c®). (3.10)
k
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Proof. Let 1< p < co. By (3.9), it is clear that T(c®¥)) = e® € £, and ¢® € £,(T) for all k € N.
Also, let = € £,(T) given. For every non-negative integer m, we put

m
2™ = ZTk(w)c(k).
k=0

Then, we have that
(™) =" Ti(@)T(c™) =3 Ti(x)e®
k=0

and hence
0 (0<n<m)

_ o (m)y
Tn(z =2 { Tn(x) (n>m).
Let € > 0 be given. Then, there exists a non-negative integer mg such that

> mwr < ()

n=mo+1
Therefore, we obtain for every m > myg that
0o 1/p 0o 1/p
I~ 2™l ry = (n;HITn(w)I“’) < (; |Tn<x>|*’> <f<e

which shows that lim ||z — 2™ Il (ry = 0 and hence = is represented as in (3.10).
m—r o0

Finally, let us show the uniqueness of the representation (3.10) of z € £,(T). Assume that xz =
Sy k(z)e™. Since the linear transformation 7' defined from £,(T’) to £, in the proof of Theorem
2.3 is continuous, we have

Tu(@) = 3 @) Tu(e™) = 3 pe(@)dus = () (n € N).

Hence, the representation (3.10) of z € £,(T) is unique. The proof is completed.

4 Some Matrix Transformations Related to the Sequence
Space (,(T)

In the final section, we give the characterization of the classes (€,(T),\), (A, £p(T)) and define
the norm of an matrix operator in B(¢,(T), u(S)), where 1 < p < oo, A € {l1,c0,¢,lx} and
ne {El, foo}

Throughout this section, we write a(n, k) = >."_ a;x for given an infinite matrix A = (ank), where

j=0
n,k € N.
Firstly, we give a theorem which is essential for our results.

Theorem 4.1. Let 1 < p < oo and X be an arbitrary subset of w. Then, we have A = (ank) €
(p(T), ) if and only if
D™ = (d:,?) € (bp,c) for all n € N, (4.1)

D = (dnk) € (£p, N), (4.2)
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(m) 0 , k>m
where d,,’ = (tk I, t2) a; . 0<k<m and  dnr =377 (tk I, t2) anj for
all k,m,n € N.

Proof. To prove the theorem, we follow the similar way due to Kiriggi and Bagar (6). Let A =
(ank) € (lp(T), ) and = = (zx) € €,(T). By (2.2), we have

I Il
NERANGE
& 1M
s

ol
:Kx
SH| -

N—— &

IS

&

g

for all m,n € N. Since Az exists, D™ belongs to the class (¢,,c). Letting m — oo in the last
equality, we obtain Az = Dy which gives the result D € ({p, A).

Conversely, suppose the conditions (4.1), (4.2) hold and take any = € £,(T). Then, we have
(dnk)ren € L5 which gives together with (4.1) that A, = (ank)ren € (£,(T))” for all n € N. Thus,
Az exists. Therefore, we derive by the above equality as m — oo that Az = Dy, and this shows
that A € (€,(T), \).

We obtain the following results by combining Lemma 4.1 with Lemmas 3.1-3.3.

Theorem 4.2.
(a) A= (ank) € (l1(T), ) if and only if (3.5) holds with dyi instead of ank and
lim d( ™) exists (Vn,k € N), (4.3)
m— 00
sup df:,’:)‘ < oo (Yn€N) (4.4)
m,k

also hold.

(b) A = (ank) € (&1(T),c) if and only if (4.3) and (4.4) hold, and (3.2) and (3.5) also hold
with dny instead of ank.

(c) A = (ank) € (b1(T),co) if and only if (4.3) and (4.4) hold, and (3.3) and (3.5) also hold
with dny instead of any.

(d) A = (ank) € (1(T),41) if and only if (4.3) and (4.4) hold, and (3.6) also holds with dnx
instead of ank.

Theorem 4.3. Let 1 < p < co.
(a) A= (ank) € (bp(T), ) if and only if (4.3) and

d‘m> (4.5)

hold, and (3.1) also hold with dni instead of ank.
(b) A = (ank) € (p(T),c) if and only if (4.3) and (4.5) hold, and (3.1) and (3.2) also hold
with dny instead of ank.
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(c) A = (ank) € (lp(T),co) if and only if (4.3) and (4.5) hold, and (3.1) and (3.3) also hold
with dny instead of ank.

(d) A = (ank) € (lp(T),41) if and only if (4.3) and (4.5) hold, and (3.4) also holds with d,x
instead of ank.

Theorem 4.4.
(a) A= (ank) € (boo(T),lss) if and only if (4.3) and
i S g =
W}gnooz:o ‘dnk ‘ = Ek: |dnk| for each m € N (4.6)

hold, and (3.1) also holds with ¢ =1 and dnk instead of ank .

(b) A = (ank) € (loo(T), ) if and only if (4.3) and (4.6) hold, and (3.2) and (3.7) also hold
with dny instead of ank.

(c) A = (ank) € (b (T'), o) if and only if (4.3) and (4.6) hold, and (3.3) and (3.8) also hold
with dny instead of ank.

(d) A= (ank) € (Uso(T), 1) if and only if (4.3), (4.6) and

DD du

neN keK

sup < 00

N,KeF

hold.
By using Theorems 4.2-4.4, we derive the following results:

Corollary 4.5. The following statements hold:

(a) A= (ank) € (£1(T), cso) if and only if (3.3), (3.5) and (4.3), (4.4) hold with d(n, k) instead
of ank and dnk, respectively.

(b) A= (ank) € (41(T),cs) if and only if (3.2), (3.5) and (4.3), (4.4) hold with d(n, k) instead
of ank and dnk, respectively.

(c) A= (ank) € (61(T),bs) if and only if (3.5) and (4.3), (4.4) hold with d(n, k) instead of ank
and dnr, respectively.

Corollary 4.6. Let 1 < p < co. Then, the following statements hold:

(a) A= (ank) € (lp(T), cs0) if and only if (3.1), (3.3) and (4.3), (4.5) hold with d(n, k) instead
of ank and dnk, respectively.

(b) A= (ank) € (4p(T),cs) if and only if (3.1), (3.2) and (4.3), (4.5) hold with d(n, k) instead
of ank and dnk, respectively.

(c) A= (ank) € (€p(T),bs) if and only if (3.1) and (4.3), (4.5) hold with d(n, k) instead of ank
and di, respectively.

Corollary 4.7. The following statements hold:

(a) A = (ank) € (bes(T), cs0) if and only if (3.3), (3.8) and (4.3), (4.6) hold with d(n, k) instead
of ank and dnk, respectively.

(b) A = (ank) € (bes(T),cs) if and only if (3.2), (3.7) and (4.3), (4.6) and hold with d(n,k)
instead of anr and dny, respectively.

(c) A= (ank) € (b (T),bs) if and only if (3.1) with ¢ =1 and (4.3), (4.6) hold with d(n,k)
instead of ank and dyi, respectively.

Now, we introduce the matrix transformations from the space A € {{1,co,c,lc} to £,(T),
where 1 < p < oco. Before this, we give the necessary and sufficient conditions for the matrix
transformation A is in (A, £p).
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Lemma 4.8. The following statements hold:

(a) A€ (b, lp) = (c,4p) = (co,£p) if and only if

sup Z Z Ank

Ker k IneK

P
< 00, where 1 < p < co. (4.7)

(b) A€ (loo,loo) = (¢, €o0) = (Co,€oo) if and only if

supz |ank| < 0. (4.8)
"ok

(c) A€ (61,0p) if and only if

supz lank]” < 0o, where 1 < p < oco. (4.9)
k n

When we change the roles of the spaces ¢,(T") and ¢, with A in Theorem 4.1, we obtain the
following theorem.

Theorem 4.9. Assume that there exists the following relation between the terms of the infinite
matrices A = (ank) and B = (bpk)

1
bnk = _tianfl,k + tnQnk (410)

n

for all k,n € N and X be any given sequence space. Then, A € (A, €,(T)) if and only if B € (X, £p),
where 1 < p < oo.

Proof. Let x = (zx) € A\. Then, by using the relation (4.10) one can easily obtain the following
equality

m m 1
;}bnkmk = § (—Eanq,k + tnank) xy for all m,n € N

which yields as m — oo that (Bn(z)) = (T (Azx)). Therefore, we conclude that Az € €,(T") for
x € X if and only if Bx € ¢, for x € A, where 1 < p < co. The proof is completed.

By combining Lemma 3.2 (a), Lemma 4.8 and Theorem 4.9, we obtain the following results:

Corollary 4.10. Let the matrices A = (ank) and B = (bnk) be connected by (4.10). Then, we
obtain:

(a) A= (ank) € (loo, €1(T)) = (¢, £1(T)) = (co, £1(T)) if and only if (4.7) holds with p =1 and
bnk instead of ank.
(b) A= (ank) € (£1,£:(T)) if and only if (4.9) holds with p =1 and by instead of ani.

Corollary 4.11. Let the matrices A = (ank) and B = (bni) be connected by (4.10). For1 < p < oo,
we obtain:

(a) A= (ank) € (boo, €p(T)) = (¢, £,(T)) = (co,£p(T)) if and only if (4.7) holds with by instead

of ank.
(b) A= (ank) € (41,4,(T)) if and only if (4.9) holds with by instead of ank.
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Corollary 4.12. Let the matrices A = (ank) and B = (bni) be connected by (4.10). Then, we
obtain:

(a) A = (ank) € (boo,loo(T)) = (¢,loo(T)) = (c0,¥sc(T)) tf and only if (4.8) holds with by
instead of ank.
(b) A= (ank) € (£1,450(T)) if and only if (3.5) holds with by instead of ank.

Now, we investigate the norm of the infinite matrices in the class B(€,(T), u(S)), where p €
{l1,0s} and 1 < p < co. Firstly, we give an essential lemma for our investigation.

Lemma 4.13. Let B = (bnr) be an infinite matriz. Then the following statements hold:
(a) The norm of B in B({p,lx) is defined by

1Bl (1 ,£00) = sUP |bni|
n,k

and
IBll(ty.t0) = sup > _ [buk|? (1 <p < o0).
"ok

(b) The norm of B in B(€p, 1) is defined by

1Bl (e1,e0) = SI;PZ 299

and
q

(1<p<o0).

Z bnk

nekK

B £,,01) = Sup
1Blen) = sup >

Theorem 4.14. Let T and S be two band matrices given by the sequences t = (t) and s = (sn),
respectively, and A = (ank) be an infinite matriz.

(a) If A € B((t:(T), £oo(S)), then

is finite. In this case, ||A||(e;(1),00(s)) = M.
(b) Let 1 <p < oo. If A€ B((£p(T),£(S)), then

is finite. In this case, || All(e, (1) 000 (5)) = Mp-
(c) If A€ B((¢1(T),£1(S)), then

is finite. In this case, || All(e, (1),01(5)) = K1.
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(d) Let 1 <p<oo. If A€ B(((p(T),:1(S)), then
oo J 1 1
6= g 3|55 (1T ) (o= )
is finite. In this case, ||All (e, ().e.(5)) = Kp-

Proof. From Theorem 2.3, we know that T' is an isometric isomorphism: £,(T") — £,, where 1 <
p < oo. Let B=SAT™'. Thus, the following diagram

£,(T) —2> u(S)

by ———
B=SAT

shows that ||All(e,(r),ucs)) = IBll(¢p,n), Where p € {foo,£1} and 1 < p < co. Using Lemma 4.13 (a)
and (b), we have that

1Bl ep,10) :{ K:, if p =4,

where 1 < p < o0.

5 Conclusions

Introducing a new sequence space by means of the matrix domain of a special triangle has been
studied by many mathematicians. In this study we introduce some Banach sequence spaces by
using a new band matrix. These spaces are more general than some spaces and not a special case of
other spaces defined earlier. These type investigations fill some gaps in the literature. The authors
can introduce new sequence spaces and results by using similar techniques in this paper.
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