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Abstract

We simplify the rules of chess. We assume that the initial configuration of pieces is not fixed and satisfies
some general conditions. Let Z denote the set of all these configurations. By our assumptions, for every C € Z,
after 0 or more moves, the configuration obtained from C and the information who has a move determine the
set of all ways of continuing the game i.e. the reachable position. For C € Z, let R(C) denote the set of all
reachable positions obtained from C.
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A short program shows that card(Z) = 65141475298198504104226577310812726424036 and
card ( U R(C)) < 42959232120882551923988994948073848799479217319544.
ceT
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1 Zermelo’s Theorem and a Rough Upper Bound for the Number
of Reachable Positions in the Classical Chess

The rules of the classical chess are discussed in [1], [2], [3], and [4].

Theorem 1. (Zermelo’s theorem, [5, p. 128]). A player who is in a winning position is always able to enforce
a win in a number of moves that is less than the number of positions in the game.

Lemma 1. (¢f. [6]). The number of configurations of the pieces on the chessboard does not exceed 1364,

Proof. The number 13 corresponds to 12 distinct pieces and the empty square. O

Theorem 2. (cf. [6]). The number of reachable positions in chess does not exceed 1354.2.9. (4-4).

Proof. It follows from Lemma 1 and the text below. The number 2 in the formula corresponds to the alternative:
(White has a move) V (Black has a move)

A legality of a move depends not only on the configuration of the pieces on the chessboard due to en passant
captures and castlings. We number the squares of the chessboard from 1 to 64. This numbers white (black)
pawns starting with 1 and ending with some a € {0,...,8}. The en passant capture is only possible when
some opposing pawn has advanced two squares on the previous move. At most one opposing pawn satisfies this
condition. The number 9 in the formula corresponds to the alternative

(the opposing pawn 1 has advanced two squares on the previous move) V ...V

(the opposing pawn a has advanced two squares on the previous move) V
(no opposing pawn has made such a previous move)

which holds for both players. The number 4 - 4 in the formula corresponds to the alternative
(castlings are not possible for us) V (only long castling is possible for us) V

(only short castling is possible for us) V (both castlings are possible for us)
which holds for both players. d

Non-trivial upper bounds for the number of reachable positions are discussed in [7], [6], [8], and [9].

2 A Simplified Variant of Chess with a Non-fixed Initial
Configuration of Pieces

To simplify the rules of chess we assume: only checkmate or stalemate ends the chess game, there are no castlings
and en passant captures, no pawn can advance two squares in one move. We assume that the initial configuration
of pieces is not fixed and satisfies the following conditions:
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(1) For every colour, the number of pawns belongs to the set {0,...,8}.

(2) Pawns are in rows 2 — 7.

(3) For every colour, the number of queens belongs to the set {0, 1}.

(4) For every colour, the number of bishops (knights, rooks) belongs to the set {0, 1, 2}.
(5) The kings are not in adjacent squares.

3 42959232120882551923988994948073848799479217319544 is
Greater than the Number of Reachable Positions Obtained
from 65141475298198504104226577310812726424036 Natura-
lly Defined Initial Configurations of Pieces

Let Z denote the set of all initial configurations of pieces satisfying conditions (1)-(5). By our assumptions,
for every C € Z, after 0 or more moves, the configuration obtained from C and the information who has a move
determine the set of all ways of continuing the game i.e. the reachable position. For C € Z, let R(C) denote the
set of all reachable positions obtained from C.

For every C € Z, the bound from Theorem 3 applies to Theorem 1.

Theorem 3.
card(Z) = 65141475298198504104226577310812726424036

card <U R(C)> < 42959232120882551923988994948073848799479217319544
cez

Proof. The execution of the following MuPAD program returns the above numbers.

kings0:=0:

/* kingsO equals the number of legal configurations of kings */
/* in which none king is in rows 2-7 */

kings1:=0:

/* kingsl equals the number of legal configurations of kings */
/* in which exactly one king is in rows 2-7 */

kings2:=0:

/* kings2 equals the number of legal configurations of kings */
/* in which both kings are in rows 2-7 */

for kinglx from 1 to 8 do

for kingly from 1 to 8 do

for king2x from 1 to 8 do

for king2y from 1 to 8 do

m:=0:

if kingly>1 and kingly<8 then m:=m+1 end_if:

if king2y>1 and king2y<8 then m:=m+1 end_if:

if abs(kinglx-king2x)<2 and abs(kingly-king2y)<2 then m:=3 end_if:
if m=0 then kingsO:=kingsO+1 end_if:

if m=1 then kingsl:=kingsl+1l end_if:

if m=2 then kings2:=kings2+1 end_if:

end_for:

end_for:
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end_for:

end_for:

initialconfigurations:=0:

bound:=0:

for n from 0 to 2 do

if n=0 then ki:=kingsO end_if:

if n=1 then ki:=kingsl end_if:

if n=2 then ki:=kings2 end_if:

for pl from 0 to 8 do

/* pl denotes the number of white pawns */
pal:=binomial (64-16-n,pl):

for p2 from O to 8 do

/* p2 denotes the number of black pawns */
pa2:=binomial (64-16-n-p1l,p2):

for ql from 0 to 1+8-pl do

/* ql denotes the number of white queens */
qul:=binomial (64-2-pl-p2,ql):

for q2 from 0 to 1+8-p2 do

/* q2 denotes the number of black queens */
qu2:=binomial (64-2-pl-p2-q1,q2):

for bl from 0 to 2+8-pl-max(ql-1,0) do

/* bl denotes the number of white bishops */
bil:=binomial(64-2-pl-p2-q1-q2,b1):

for b2 from 0 to 2+8-p2-max(q2-1,0) do

/* b2 denotes the number of black bishops */
bi2:=binomial (64-2-pl-p2-ql-q2-bl,b2):

for k1 from 0 to 2+8-pl-max(ql-1,0)-max(b1-2,0) do
/* k1 denotes the number of white knights */
knl:=binomial (64-2-pl-p2-q1-92-b1-b2,k1):

for k2 from 0 to 2+8-p2-max(q2-1,0)-max(b2-2,0) do
/* k2 denotes the number of black knights */
kn2:=binomial (64-2-pl-p2-ql-q2-b1-b2-k1,k2):

for r1 from 0 to 2+8-pl-max(ql-1,0)-max(b1-2,0)-max(k1-2,0) do
/* rl denotes the number of white rooks */
rol:=binomial (64-2-p1-p2-q1-gq2-b1l-b2-k1-k2,r1):
for r2 from 0 to 2+8-p2-max(q2-1,0)-max(b2-2,0)-max(k2-2,0) do
/* r2 denotes the number of black rooks */
ro2:=binomial (64-2-pl-p2-ql-q2-bl-b2-k1-k2-r1,r2):
d:=ki*pal*pa2*qul*qu2+*bil*bi2*knl*kn2*rol*ro2:
a:=d:

if q1>1 or g2>1 or b1>2 or b2>2 or ki1>2 or k2>2 or ri1>2 or r2>2
then a:=0 end_if:
initialconfigurations:=initialconfigurations+a:
bound:=bound+d:

end_for:

end_for:

end_for:
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end_for:

end_for:

end_for:

end_for:

end_for:

end_for:

end_for:

end_for:

print(initialconfigurations):

print (2*bound) :

/* the factor 2 corresponds to the alternative */
/* (White has a move) or (Black has a move) */

Pawns cannot be in rows 1 and 8. It applies to the instructions with the numbers 64 — 16 — n and
64 — 16 — n — pl. Non-negative integers pl, p2, ql, ¢2, b1, b2, k1, k2, r1, r2 satisfy:

pl,p2 € {0,...,8}
qlE{O..1+8 pl}
q2€{0,...,14+8—p2}

b1 €{0,...,2+8 — pl — max
b2 €{0,...,2+ 8 — p2 — max

ql - 170)}
q2 - 170)}

PARPANY

k1 €{0,...,24+ 8 —pl —max(¢ql — 1,0) — max(bl — 2,0)}
k2 €{0,...,2+8 —p2 —max(¢q2 — 1,0) — max(b2 — 2,0)}
rl €{0,...,2+8 — pl — max(gl — 1,0) — max(bl — 2,0) — max(k1 —2,0)}
r2€{0,...,24 8 — p2 — max(q2 — 1,0) — max(b2 — 2,0) — max(k2 — 2,0)}
We have: bound =
j{: ki-pal -pa2-qul - qu2-bil-02-knl-kn2-rol - ro2
ne{0,1,2}
p1,p2€{0,...,8}
ql,q2€{0,...,1+8}
b1,b2,k1,k2,r1,r2€10,....2+8}
pl+max(g1—1,0)+max(b1—2,0)+
max(k1—2,0)+max(r1—2,0)<8
p2+max(q2—1,0)+max(hb2—2,0)+
max(k2—2,0)+max(r2—2,0)<8
The MuPAD program uses the above equality. O

Theorem 4. The inequality in Theorem & is strong.

Proof. The bound in Theorem 3 takes into account many cases such that there are at least two queens of the
same colour and black king is in check whereas White has a move. Every such case is not reachable because
every configuration from Z contains at most one white (black) queen. O

4 No Single Configuration from Z Produces the All Reachable
Positions Obtained from the All Configurations from 7

Theorem 5. For every Co € Z, R(Co) € U R(C).
cez
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Proof. Let C; and C2 denote the following elements of Z:

== [

Configuration C, Configuration Cs

We have:
VC eI (Ch e R(C)=C=Cr)

VCeZ (C2eR(C)=>C=C2)
Assume, on the contrary, that there exists Co € Z such that R(Co) = |J R(C). We have:

cez
C1,C € ZC | R(C) = R(Co)
cez
Hence, Co = C1 and Cp = C2. We get a contradiction because C1 # Ca. O

Competing Interests

Author has declared that no competing interests exist.

References

[1] Bardwick T. Chess handbook: Rules, tactics, and strategies for the improving player. Chess Detective Press;
2020.

[2] Chess.
Available:http://en.wikipedia.org/wiki/Chess

[3] Eade J. Chess for dummies. 3rd Ed., Wiley; 2015.

[4] Rules of chess.
Available:http://en.wikipedia.org/wiki/Rules_of_chess

[6] Schwalbe U, Waker P. Zermelo and the early history of game theory. Games Econom. Behav. 2001;34(1):123-
137.
Available:http: //doi.org/10.1006 /game.2000.0794

23



Tyszka; Asian Res. J. Math., vol. 19, no. 3, pp. 18-24, 2023; Article no.ARJOM.96389

[6] Chinchalkar S. An upper bound for the number of reachable positions. J. Int. Comput. Games Assoc.
1996;19(3):181-183.
Available:http://doi.org/10.3233/ICG-1996-19305

[7] Bonsdorff E, Fabel K, Riihimaa O. Schach und Zahl. 3rd Ed., Walter Pau Verlag, Diisseldorf; 1978.

[8] Klyver M. How many legal states of chess exists?
Available:http://math.stackexchange.com/questions/1406919 /how-many-legal-states-of-chess-exists

[9] Thoma M. How many different chess-board situations can occur?
Available:http: //math.stackexchange.com/questions/169884 /how-many-different-chess-board-situations-
can-occur

© 2023 Tyszka; This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser address
bar)

https://www.sdiarticle5. com/review-history/96389

24


http://creativecommons.org/licenses/by/4.0

	Galley Proof_2023_ARJOM_96389 - Copy.pdf (p.1)
	Galley Proof_2023_ARJOM_96389.pdf (p.2-7)
	Zermelo's Theorem and a Rough Upper Bound for the Number of Reachable Positions in the Classical Chess
	A Simplified Variant of Chess with a Non-fixed Initial  Configuration of Pieces
	42959232120882551923988994948073848799479217319544 is Greater than the Number of Reachable Positions Obtained from 65141475298198504104226577310812726424036 Natura-lly Defined Initial Configurations of Pieces 
	No Single Configuration from I Produces the All Reachable Positions Obtained from the All Configurations from I


